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Chapter 1

Law and Order

∃x ∈ A, not P(x) and ∀x ∈ A,P(x) have the opposite truth value.
Let I be a set and (Ai)i∈I be a family of sets.

• x ∈
⋃
i∈I Ai iff(if and only if) ∃i ∈ I, x ∈ Ai, the set

⋃
i∈I Ai is called the union of (Ai)i∈I .

• x ∈
⋂
i∈I Ai iff ∀i ∈ I, x ∈ Ai, the set

⋂
i∈I Ai is called the intersection of (Ai)i∈I .

⋂
i∈∅Ai is not defined.

Let A be a set, we denote by P(A) the set of all subsets of A, called the power set of A.
Equivalently, it is the set TV S of all functions from S to the set TV of truth values. This is often written 2S , since there

are (at least in classical logic) exactly 2 truth values.

1.1 Sets and Correspondences

1.1.1 Def

f=(Df ,Af ,Γf) is a correspondence, where Df is the departure set and Af is the arrival set, and Γf is the subset of
{(x, y) | x ∈ Df , y ∈ Af}, called the graph of f. f−1 called the inverse correspondence, f−1 = (Af ,Df ,Γ

−1
f ), Γf−1 = {(y, x) |

(x, y) ∈ Γf}.

1.1.1.1 Remark (f−1)−1 = f .

1.1.1.2 Notation We call ∆x := {(x, x) | x ∈ X} the diagonal subset, Idx := (X,X,∆x) is the identity correspondence
of X, (X,X, ∅) is the empty correspondence.

1.1.2 Image and Inverse Image

1.1.2.1 Def We denote f(A)={y ∈ Af | ∃x ∈ A, (x, y) ∈ Γf} the image of A by f. We denote by Im(f) the set f(Df ),
called the range of f. We denote by Dom(f) the set f−1(Af ), called the domain of f. The inverse image of f means the image
of f−1.

1.1.2.2 Prop f(
⋃
i∈I Ai) =

⋃
i∈I f(Ai). If I ̸= ∅, f(

⋂
i∈I Ai) ⊆

⋂
i∈I f(Ai).

1.1.3 Composition

g ◦ f = (Df ,Ag,Γg◦f ), Γg◦f = {(x, z) | ∃y, (x, y) ∈ Γf , (y, z) ∈ Γg}.
The correspondence g ◦ f is called the composite of f and g.

1.1.3.1 Prop (g ◦ f)−1 = f−1 ◦ g−1, h ◦ (g ◦ f) = (h ◦ g) ◦ f .

1.1.4 Defs in the Correspondence

1.1.4.1 Surjective Af=Im(f).

1.1.4.2 Multivalued Mapping Df=Dom(f).

1.1.4.3 Function ∀x ∈ Df has at most an image of x by f.
Remark We denote by f(x) the unique image of x by f. We can also use x 7→ f(x) to denote.

1.1.4.4 Injective ∀x ∈ Af has at most an image of x by f−1.
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1.1.4.5 Mapping If f is a function and a multivalued mapping, then we say that f is a mapping. We use f : X → Y or

X
f→ Y to denote ”f is a mapping from X to Y”.
f is a mapping + f is injective/surjective/injective and surjective→ f is a/an injective/surjective/bijective mapping, also

called f is a/an injection/surjection/bijection(one-to-one correspondence).

1.1.4.6 The Product Let I be a set, (Ai)i∈I be a family of sets, and A=
⋃
i∈I Ai. We denote by Πi∈IAi the set of all

mappings µ : I → A s.t. µ(i) ∈ Ai. ∀i ∈ I, if µ ∈ Πi∈IAi, we often write µ in the form of a family (µ(i))i∈I . Πi∈IAi is called
the product of (Ai)i∈I .

In particular, xn denotes x{1,...,n}. XN is called the sequence in X parametrized by N.

1.1.4.7 Restriction and Extension Let f and g be correspondences. If Γf ⊆ Γg, then we say that f is a restriction of
g, g is an extension of f.

1.1.4.8 Prop

• If g1 ◦ f = IdX , f ◦ g2 = IdY , then f is a bijection, g1 = g2 = f−1.

• If f ◦ g and g ◦ f are bijections, then f and g are bijections.

1.2 Binary Relation

A binary relation on X, we refer to a correspondence from X to X.

1.2.1 Remark

xRy, x Ry denotes (x,y)∈ ΓR, x�Ry denotes not xRy.

1.2.2 Concept

• If ∀x ∈ X, xRx holds, then R is reflexive.

• If ∀x ∈ x, x�Rx holds, then R is irreflexive.

• If ∀(x, y) ∈ X ×X, xRy implies yRx, then R is symmetric.

• If ∀(x, y) ∈ X ×X, xRy and yRx implies x=y, then R is antisymmetric.

• If ∀(x, y) ∈ X ×X, xRy and yRx can’t hold at the same time, then R is asymmetric.

• If ∀(x, y, z) ∈ X ×X ×X, xRy and yRz implies xRz, then R is transitive.

• If R is transitive, reflexive and antisymmetric, then it’s an order relation.

• If R is transitive and asymmetric, then it’s a strict order relation.

• If R is reflexive, symmetric and transitive, then we say that R is an equivalence relation.

In general, we use an underlined notation to denote an order relation.

1.2.3 Partially Ordered Sets

Let X be a set and R be an ordered relation on X, the pair (X,R) is called a partially ordered set.
In addition, if ∀x, y ∈ X, either xRy and yRx, then we say that R is a total order and (X,R) is a total ordered set.

1.2.4 Upperbounds and Lowerbounds

Let (X,R) be a partially ordered set, A ⊆ X.
Let M ∈ X. If ∀a ∈ A, aRM , we say that M is an upperbound of A, relatively to R. If ∀a ∈ A, a RM , we say that M is

a lowerbound of A, relative to R.

1.2.5 Well-ordered Set

If any non-empty subset of X has a least element, we say that (X,R) is a well-ordered set.

1.2.6 Induction Principle

Let (X,≤) be a well-ordered set. Let P(.) be a statement depending on a parameter in X. Assume that ∀x ∈ X, ∀y ∈
X<x, P(y) implies P(x), then ∀x ∈ X,P(x) holds.
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1.3 Composition Laws

We mean a mapping from X ×X → X.

1.3.1 Closed

Y is a subset of X. Y is closed under * means that ∀a, b ∈ Y , a ∗ b ∈ Y .

1.3.2 The Restriction of *

Y is a subset of X. If Y is closed under *, which can also be presented as ∀x, y ∈ Y, x ∗ y ∈ Y . This composition law is
called the restriction of * on Y.

1.3.3 Semigroup, Monoid and Group

• If ∀(x, y, z) ∈ X ×X ×X, (x ∗ y) ∗ z = x ∗ (y ∗ z), we say that ∗ is associative and that (X, ∗) is a semigroup.

Prop If * is associative, then x1 ∗ x2 ∗ · · · ∗ xn · · · = x1 ∗ x2 ∗ x3 ∗ · · · ∗ (xn−1 ∗ xn) · · · .

• If ∀(x, y) ∈ X2, x ∗ y = y ∗ x, then we say that ∗ is commutative.

• Let (M, ∗) be a semigroup. If ∃e ∈ M,∀x ∈ M, e ∗ x = x ∗ e = x, we say that e is a neutral element of (M, ∗), and we
say that (M, ∗) is a monoid.

• If x*y=e, then we say that x is right invertible, y is a right inverse of x; y in left invertible, x is a left inverse of y.

1.3.3.1 Group We denote by M× the set of all invertible elements of M, If M× = M , then we say that M is a
group.

1.3.3.2 Abelian Group A commutative group.

1.3.3.3 Submonoids and Subgroups If M,N are monoids/groups and N is a subset of M which is closed and
exists a neutral element, then N is a submonoid/subgroup.

1.3.3.4 Trivial Subgroup A subgroup of G which is G or {1G}.

1.3.3.5 Prop {Z/pZ} doesn’t have a non-trivial group when p is a prime.

1.3.3.6 Finite Group A group which has finite elements.

1.3.3.7 Lagrange’s Theorem Let G be a finite group, and let H be a subgroup of G. Then the order of H (that is,
the number of elements in H) divides the order of G.

1.3.3.8 Prop

•••• In a group, x has a unique left/right inverse, which are equal.

Proof : Let G be a group and x ∈ G. Suppose y is a left inverse of x, meaning yx = e, and z is a right inverse of x,
meaning xz = e, where e is the identity element of G.

We aim to show that y = z. Starting with yx = e, multiplying both sides on the right by z gives (yx)z = ez = z. Since
yx = e, this simplifies to z = z. Now, consider xz = e, and multiply both sides on the left by y, giving y(xz) = ye = y.
We conclude y = z.

Thus, the left and right inverses of x are equal. Furthermore, if x had another distinct left or right inverse, it would
contradict this result, so the inverse is unique.

So we denote by x−1 its left and right inverse. If the composition law is denoted as +, the inverse of an invertible
element x is usually denoted as -x, y+(-x) is denoted as y-x.

• x ∈M× → x−1 ∈M×, (x−1)−1 = x;

• (x, y) ∈M× ·M× → xy ∈M×, (xy)−1 = y−1x−1.

Proof : (y−1x−1)(xy) = e.



10 CHAPTER 1. LAW AND ORDER

1.4 Ring Theory

1.4.1 Rings

1.4.1.1 Def If

• (A,+) forms a commutative group,

• (A, ·) forms a monoid,

• For all (a, b, c) ∈ A3, (a+ b)c = ac+ bc, c(a+ b) = ca+ cb,

then we say that (A,+, ·) is a unitary ring.
By convention, the neutral element of (A,+)/(A, ·) is denoted as 0/1, called the zero element/unity of A.
If A× = A\{0}, then A is a division ring or skewfield. If A is also commutative, then A is a field.

1.4.1.2 Prop If A is a field, f : A → B bijection s.t. ∀a, b ∈ A, f(a + b) = f(a) + f(b), f(ab) = f(a)f(b), then B is a
field.

1.4.1.3 Proof Firstly, we want to show that (B,+) is a commutative group: ∀a, b ∈ B, we can find its inverse image in
A, called a0, b0. a+ b = f(a0 + b0), so it’s closed. Since ∀a, b, c ∈ B, we can find their inverse image a0, b0, c0, a+ (b+ c) =
f(a0 + (b0 + c0)) = f((a0 + b0) + c0) = (a + b) + c, a + b = f(a0 + b0) = f(b0 + a0) = b + a, ∃e = f(0) ∈ B, e + a =
f(0 + a0) = f(a0 + 0) = a+ e = a, so (B,+) is a commutative monoid. For the same reason, (B,×) is also a commutative
monoid. Since ∀a ∈ B, we can find its inverse f(−a0), a+ f(−a0) = f(−a0 + a0) = f(0) = e, so (B,+) is an Abelian group.

Secondly, ∀a, b, c ∈ B, a(b+ c) = f(a0(b0 + c0)) = f(a0b0 + a0c0) = ab+ ac, so it’s a ring. Since B× = B\{f(0)} (which
is because ∀a, b ∈ B\{f(0)}, f(a0b0) always exists), it’s a field.

1.4.1.4 Prop If A is a unitary ring, then for all a ∈ A, a · 0 = 0 · a = 0; for all (a, b) ∈ A, (−a) · b = a · (−b) = −a · b.

1.4.2 Morphisms and Isomorphisms

1.4.2.1 Def Let (M,*) and (N,+) be monoids, we call morphism of monoids from (M,*) to (N,+) any mapping f :M → N
that satisfies:

• f(eM ) = eN .

• For all (x, y) ∈M2, f(x ∗ y) = f(x) + f(y).

If (M, ∗) and (N, ∗) are groups, it’s also a morphism of groups. If f is bijection, then it’s an isomorphism.

1.4.2.2 Prop

• If M1 ⊆M is a submonoid, then f(M1) ⊆ N is also a submonoid.

• If a ∈M×, then f(a) ∈ N×, f(a)−1 = f(a−1).

1.4.2.3 Prop Let M be a monoid. ∀x ∈M×, ∃ a unique morphism of monoids from (Z,+) to (M,*) that sends 1 ∈ Z to
x.

1.4.2.4 Morphism of unitary rings Let A and B be unitary rings. We call morphism of unitary rings from A to B
only when mapping A→ B is a morphism of group from (A,+) to (B,+), and a morphism of monoid from (A, ·) to (B, ·).

1.4.2.5 Prop Let R be a unitary ring. There is a unique morphism from Z to R.

1.4.3 K-Algebra

K is a commutative ring. We call the K-algebra any pair(R,f), when R is a unitary ring, and f : K → R is a morphism
of unitary rings s.t. ∀(b, x) ∈ K ×R, f(b)x = xf(b).

1.4.3.1 Example For any unitary ring R, the unique morphism of unitary rings Z → R define a structure of Z-algebra
on R (extra: Z is commutative despite R isn’t guaranteed)

1.4.3.2 Notation Let K be a commutative unitary ring, (A,f) be a K-algebra. If there is no ambiguity on f, for any
(λ, a) ∈ k ×A, we denote f(λ)a as λa.
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1.5 Formal Power Series

1.5.1 Def

Let K be a commutative unitary ring, T be a formal symbol. We denote KN as K[[T ]]. If (an)n∈N is an element of KN,
when we denote KN as K[[T]], this element is denoted as

∑
n∈N

anT
n. Such element is called a formal power series over K and

an is called the coefficient of Tn of this formal power series.

1.5.1.1 Remark n ∈ N is possible infinite, so
∑
n∈N

an couldn’t be executed directly.

1.5.1.2 Notation

• omit terms with coefficient 0.

• write T 1 as T.

• omit coefficient those are 1.

• omit T 0.

1.5.1.3 Example 1T 0 + 2T 1 + 1T 2 + 0T 3 + ...+ 0Tn + ... is written as 1 + 2T + T 2.

1.5.2 Operations

Remind that K[[T]]={
∑
n∈N

anT
n | (an)n∈N ∈ kN}, define two composition laws on K[[T]]:

∀F (T ) = a0 + a1T + ..., G(T ) = b0 + b1T + ..., let F +G = (a0 + b0) + (a1 + b1)T + ..., FG =
∑
n∈N

∑
i+j=n

(aibj)T
n.

1.5.2.1 Prop

• (FG)H =

(∑
n∈N

∑
i+j=n

(aibj)T
n

)
(
∑
n∈N

cnT
n) =

∑
n∈N

( ∑
p,q,l=n

apbqcl

)
Tn = F (GH).

• 0T 0 + · · ·+ 0Tn + . . . is the neutral element of (K[[T]],+).

• 1T 0 + · · ·+ 0Tn + . . . is the neutral element of (K[[T]],×).

• (K[[T ]],+, ·) forms a commutative unitary ring.

• K → K[[T ]] λ 7→ λT is a morphism.

1.5.3 Derivative

Let F (T ) ∈ K[[T ]]. We denote by F ′(T ) or D(F (T )) the derivative of formal power series
∑
n∈N

(n+ 1)an+1T
n.

1.5.3.1 Prop

• D(K[[T ]],+) → (K[[T ]],+) is a morphism of groups.

• Leibniz Rule D(FG) = F ′G+ FG′.

1.5.3.2 Prop a0 is invertible in k, iff F(T) is invertible in K[[T]].

1.5.3.3 exp We denote exp(T ) ∈ K[[T ]] as
∑
n∈N

1
n!T

n, called the experimental series, which fulfills the differential equation

D(exp(T )) = exp(T ).

1.5.3.4 Sin and Cos We define the solution of z2 = −1 is i ∈ K. We define cos(T ) := exp(iT )+exp(−iT )
2 , sin(T ) :=

exp(iT )−exp(−iT )
2i .

1.5.3.5 Ord ord(A) means the infimum of i ∈ I s.t. Ai ̸= 0. If the infimum not exist, then ord(A) = +∞.

1.5.3.6 ln We define another form of power series ln(1 + T ): ln(1 + T ) =
∑

n∈N≥1

(−1)n−1

n Tn (ord(ln(1 + T )) = 1)
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1.6 Topology of Formal Power Series

1.6.1 Cauchy Sequence

1.6.1.1 Idea A Cauchy sequence is an infinite sequence, which ought to converge in the sense that successive terms get
arbitrarily close together, as they would if they were getting arbitrarily close to a limit. Among sequences, only Cauchy
sequences will converge; in a complete space, all Cauchy sequence converge.

(Fi(T ))i∈N be a sequence of elements in K[[T]], and F (T ) ∈ K[[T ]]. We say that (Fi(T ))i∈N is a Cauchy sequence if ∀l ∈ N,
there exists N(l) ∈ N s.t. ∀(i, j) ∈ N2

≥N(l), ord(Fi(T )− Fj(T )) ≥ l.
We will discuss it later.

1.7 Universal Property of the Formal Power Series

1.7.1 K-Algebra Morphism

Let A and B be two K-algebras. We say that ϕ is a K-algebra morphism from A to B if ϕ : A→ B satisfies ∀λ ∈ K, ∀a ∈
A, ϕ(λa) = λϕ(α).

For f : K → A and g : K → B, if ϕ is a ring morphism from A to B, then it is a K-algebra morphism iff ϕ ◦ f = g.

1.7.1.1 Theorem Let A be a K-algebra, and let x ∈ A. Then there exists a unique K-algebra morphism:

K[T ] = {Σn∈NanT
n | ∃d ∈ N,∀n > d, an = 0} → A Σdi=0aiT

i 7→ Σdi=0aix
i

1.7.1.2 Proof To prove that the morphism exists, we construct f : K[[T ]] → A Σdi=0aiT
i 7→ Σdi=0aix

i. Easy to prove
that it’s a K-algebra morphism.

To prove the morphism is unique: Obviously.

1.7.2 Polynomials

And the formal power series that belongs to K[T ] are called polynomials.
Monic polynomial refers to a polynomial whose leading coefficient is 1.

1.7.2.1 Def Let F (T ) ∈ K[T ], F (T ) =
∑
n∈N anT

n. If {n ∈ N | an ̸= 0} ≠ ∅, its greatest element is denoted as
deg(F (T )), called degree of F (T ).

1.7.3 Ord and Deg Explanation

For any f ∈ K[T ] \ {0}, it can be written as f(T ) = C · P1(T )
d1 · P2(T )

d2 · · ·Pn(T )dn , where p = Pi ∈ K[T ] are monic
and irreducible, and di =: ordp(f) ∈ Z\{0}. Let |f |p := e−ordp(f).

Properties of ordp:

1. For f, g ∈ K[T ], ordp(fg) = ordp(f) + ordp(g); |fg|p = |f |p × |g|p.

2. For f, g ∈ K[T ], ordp(f + g) ≥ min{ordp(f), ordp(g)}; |f + g|p ≤ max(|f |p, |g|p) ≤ |f |p + |g|p.

3. |f |p = 0 ⇔ ordp(f) = +∞, f=0 by convention.

4. If f ̸= 0, then ordp(f) > 0.

The degree of a polynomial f ∈ K[T ], denoted as deg(f), is defined as the highest power of T with a non-zero coefficient.
|f |∞ := edeg(f)

Properties of deg:

1. For f, g ∈ K[T ], deg(fg) = deg(f) + deg(g); |fg|∞ = |f |∞ × |g|∞.

2. For f, g ∈ K[T ], deg(f + g) ≤ max{deg(f),deg(g)}; |f + g|∞ ≤ max{|f |∞, |g|∞}.

The ord we used before is ordT here.
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Sequences

2.1 Supremum and Infimum

2.1.1 Def

Let (X,≤) be a partially ordered set, and let A and Y be subsets of X, s.t. A ⊆ Y .

• If the set {y ∈ Y | ∀a ∈ A, a ≤ y} has a least element, then we say that A has a supremum in Y with respect to ≤,
denoted by sup(Y,≤)A this least element, and we call it the supremum of A in Y with respect to ≤.

• If the set {y ∈ Y | ∀a ∈ A, y ≤ a} has a greatest element, then we say that A has a infimum in Y with respect to ≤,
denoted by inf(Y,≤)A this greatest element, and we call it the infimum of A in Y with respect to ≤.

• Observation inf(Y,≤)A = sup(Y,≥)A.

2.1.1.1 Notation Let (X,≤) be a partially ordered set, and let I be a set.

• If f is a function from I to X, sup f denotes the supremum of f(I) in X. inf f takes the same.

• If (xi)i∈I is a family of elements in X, then sup
i∈I

xi denotes sup{xi | i ∈ I} in X. inf
i∈I

xi takes the same.

If moreover, P(·) denotes a statement depending on a parameter in I, then sup
i∈I,P(i)

xi denotes sup{xi | i ∈ I,P(i) holds}.

2.1.1.2 Example Let A = x ∈ R | 0 ≤ x < 1 ⊆ R. We equip R with the usual order relation: {y ∈ R | ∀x ∈ A, x ≤ y} =
{y ∈ R | y ≥ 1}, so supA = 1. {y ∈ R | ∀x ∈ A, y ≤ x} = {y ∈ R | y ≥ 0}, so inf A = 0.

2.1.1.3 Example For n ∈ N, let xn = (−1)n ∈ R, sup
n∈N

inf
k∈N,k≥n

xk = −1, inf
n∈N

sup
k∈N,k≥n

xk = 1.

2.1.1.4 Prop Let (X,≤) be a partially ordered set, A,Y,Z be subset of X, s.t. A ⊆ Z ⊆ Y :

• If max A exists, then is is also equal to sup(Y,≤)A.

• If sup(Y,≤)A exists and belongs to Z, then it is equal to sup(Z,≤)A.

inf takes the same.
Let (X,≤) be a partially ordered set, and A,B,Y be subsets of X s.t. A ⊆ B ⊆ Y :

• If sup(Y,≤)A and sup(Y,≤)B exist, then sup(Y,≤)A ≤ sup(Y,≤)B.

• If inf(Y,≤)A and inf(Y,≤)B exist, then inf(Y,≤)A ≥ inf(Y,≤)B.

Let (X,≤) be a partially ordered set, I be a set and f, g : I → X be mappings s.t. ∀t ∈ I, f(t) ≤ g(t):

• If inf f and inf g exist, then inf f ≤ inf g.

• If sup f and sup g exist, then sup f ≤ sup g.

2.2 Intervals

We fix a totally ordered set (X,≤).

2.2.1 Def

Let I ⊆ X. If ∀(x, y) ∈ I× I with x ≤ y, one has [x, y] := {x ∈ X | a ≤ x ≤ b} ⊆ I, then we say that I is an interval in X.

13
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2.2.1.1 Example Let (a, b) ∈ X ×X, s.t. a ≤ b. Then the following sets are also intervals:

• ]a, b[:= {x ∈ X | a < x < b}

• [a, b[:= {x ∈ X | a ≤ x < b}

• ]a, b] := {x ∈ X | a < x ≤ b}

2.2.1.2 Prop Let Λ be a non-empty set and (Iλ)λ∈Λ be a family of intervals in X.

•
⋂
λ∈Λ

Iλ is a interval in X.

• If
⋂
λ∈Λ

Iλ ̸= ∅,
⋃
λ∈Λ

Iλ is a interval in X.

2.2.1.3 Def Let (X,≤) be a totally ordered set. I be a non-empty interval of X. If sup I exists in X, we call sup I the
right endpoint.

inf takes the similar way.

2.2.1.4 Prop Let I be an interval in X.

• Suppose that b = sup I exists. Then ∀x ∈ I, [x, b[⊆ I.

• Suppose that a = inf I exists. Then ∀x ∈ I, ]a, x] ⊆ I.

2.2.1.5 Prop Let I be an interval in X. Suppose that I has a supremum b and an infimum a in X. Then I is equal to one
of the following sets [a, b], [a, b[, ]a, b], ]a, b[.

2.2.2 Thick

Let (X,≤) be a totally ordered set. If ∀(x, z) ∈ X ×X, s.t. x < z, ∃y ∈ X s.t. x < y < z, then we say that (X,≤) is
thick.

2.2.2.1 Prop Let (X,≤) be a thick totally ordered set. (a, b) ∈ X × X, a < b. If I is one of the following intervals
[a, b]; [a, b[; ]a, b]; ]a, b[. Then inf I = a, sup I = b.

2.2.2.2 Proof Since X is thick, there exists x0 ∈]a, b[. By Def, b is an upper bound of I. If b is not the supremum of I,
there exists an upper bound M of I s.t. M<b. Since X is thick, there is M ′ ∈ X s.t. x0 ≤M,M ′ < b. Since [x, b[⊆]a, b[∈ I.
Hence M and M’ belong to I, which conflicts with the uniqueness of supremum.

2.3 Enhanced Real Line

2.3.1 Def

Let +∞ and−∞ be two symbols that are different and don’t belong to RWe extend the usual total order≤ on R to R
⋃
{−∞,+∞}

s.t. ∀x ∈ R,−∞ < x < +∞.
Thus R

⋃
{−∞,+∞} become a totally ordered set, and R =]−∞,+∞[. Obviously, this is a thick totally ordered set.

We define:

• ∀x ∈]−∞,+∞] x+ (+∞) := +∞ (+∞) + x := +∞

• ∀x ∈ [−∞,+∞[ x+ (−∞) := −∞ (−∞) + x := −∞

• ∀x ∈]0,+∞] x(+∞) := (+∞)x := +∞ x(−∞) = (−∞)x := −∞

• ∀x ∈ [−∞, 0[ x(+∞) = (+∞)x := −∞ x(−∞) = (−∞)x := +∞

• −(+∞) := −∞ − (−∞) := +∞ (∞)−1 := 0

(+∞) + (−∞) (−∞) + (+∞) (+∞)0 0(+∞) (−∞)0 0(−∞) ARE NOT DEFINED, they are indeterminate
forms.

2.3.2 Order Complete

Let (X,≤) be a partially ordered set. If for any subset A of X, A has a supremum and an infimum in X, then we say
that X is order complete.

2.3.2.1 Example Let Ω be a set (P(Ω),⊆) is order complete. If F is a subset of P(Ω), supF =
⋃
A∈F

A. In particular,

inf ∅ = Ω sup∅ = ∅.
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2.3.2.2 Axiom (R
⋃
{−∞,+∞},≤) is order complete. In R

⋃
{−∞,+∞} sup∅ = −∞, inf ∅ = +∞.

2.3.2.3 Notation

• For any A ⊆ R
⋃
{−∞,+∞} and c ∈ R, we denote by A+ c the set {a+ c | a ∈ A}.

• If λ ∈ R\{0}, λA denotes {λa | a ∈ A}.

• -A denotes (-1)A.

2.3.2.4 Prop For any A ⊆ R
⋃
{−∞,+∞}, sup(−A) = − inf A, inf(−A) = − supA.

2.3.2.5 Def We denote by (R,≤) a field R equipped with a total order ≤, which satisfies the following condition:

• ∀(a, b) ∈ R× R s.t. a < b, one has ∀c ∈ R, a+ c < b+ c.

• ∀(a, b) ∈ R>0 × R>0, ab > 0.

• ∀A ⊆ R, if A has an upper bound in R, then it has a supremum in R.

2.3.2.6 Prop Let A ⊆ [−∞,+∞]:

• ∀c ∈ R sup(A+ c) = (supA) + c.

• ∀λ ∈ R≥0 sup(λA) = λ sup(A).

• ∀λ ∈ R≤0 sup(λA) = λ inf(A).

inf takes the same.

2.3.2.7 Theorem Let I and J be non-empty sets.
f : I → [−∞,+∞], g : J → [−∞,+∞].
a = sup

x∈I
f(x) b = sup

y∈J
g(y) c = sup

(x,y)∈I×J,{f(x),g(y)}̸={+∞,−∞}
(f(x) + g(y)).

If {a, b} ≠ {+∞,−∞}, then c = a+ b.
inf takes the same.

2.3.2.8 Corollary Let I be a non-empty set, f : I → [−∞,+∞], g : J → [−∞,+∞]. Then

sup
x∈I,{f(x),g(x)}̸={+∞,−∞}

(f(x) + g(x)) ≤ (sup
x∈I

f(x)) + (sup
x∈I

g(x))

inf takes the similar(≤→≥) (provided when the sum are defined).

2.4 Vector Spaces

In this section, K denotes a unitary ring. Let 0 be zero element of K, 1 be the unity of K.

2.4.1 K-module

2.4.1.1 Def Let (V,+) be a commutative group. We call left/right K-module structure any mapping Φ:K × V → V :

• ∀(a, b) ∈ K ×K,∀x ∈ V Φ(ab, x) = Φ(a,Φ(b, x))/Φ(b,Φ(a, x));

• ∀(a, b) ∈ K ×K,∀x ∈ V Φ(a+ b, x) = Φ(a, x) + Φ(b, x);

• ∀a ∈ K,∀(x, y) ∈ V × V Φ(a, x+ y) = Φ(a, x) + Φ(a, y);

• ∀x ∈ V,Φ(1, x) = x.

A commutative group (V,+) equipped with a left/right K-module structure is called a left/right K-module.

2.4.1.2 Opposite Ring Let Kop be the set K equipped with the following composition laws:

• K ×K → K, (a, b) 7→ a+ b

• K ×K → K, (a, b) 7→ ba

Then Kop forms a unitary ring.
Any left Kop-module is a right K-module;
Any right Kop-module is a left K-module.
(Kop)op = K.
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2.4.1.3 Notation When we talk about a left/right K-module (V,+), we often write its left K-module structure as
K × V → V (a, x) 7→ ax

The defs become:

∀(a, b) ∈ K ×K,∀x ∈ V (ab)x = a(bx)/b(ax)

∀(a, b) ∈ K ×K,∀x ∈ V (a+ b)x = ax+ bx

∀a ∈ K,∀(x, y) ∈ V × V a(x+ y) = ax+ ay

∀x ∈ V 1x = x

2.4.2 K-vector Space

If K is commutative, then Kop = K, so left K-module and right K-module structure are the same. We simply call them
K-module structure. A commutative group equipped with a K-module structure is called a K-module. If K is a field, a
K-module is also called a K-vector space, and the elements of K are called scalars, the elements of V are called vectors.

2.4.2.1 Remark Let Φ : K × V → V be a left or right K-module structure ∀x ∈ V,Φ(·, x) : K → V (a ∈ K) 7→ Φ(a, x)
is a morphism of commutative groups. Hence Φ(0, x) = 0,Φ(−a, x) = −Φ(a, x).

∀a ∈ K,Φ(a, ·) : V → V is a morphism of groups. Hence Φ(a, 0) = 0,Φ(a,−x) = −Φ(a, x)(· is a var).

2.4.2.2 Associativity ∀x ∈ K, (f(f + g) + h)(x) = (f + g)(x) + h(x) = f(x) + g(x) + h(x) = f(x) + ((g + h)(x)) =
(f + (g + h))(x).

The mapping K ×KI → KI : (a, f : x 7→ f(x)) 7→ af : x 7→ af(x) is a left K-module structure;
The mapping K ×KI → KI : (a, f : x 7→ f(x)) 7→ af : x 7→ f(x)a is a right K-module structure.

2.4.2.3 Remark We can also write an element µ ∈ KI in the form of a family (µi)i∈I of elements in K, where µi is the
image of i ∈ I by µ. Then (µi)i∈I + (νi)i∈I := (µi + νi)i∈I , a(µi)i∈I := (aµi)i∈I , (µi)i∈Ia = (µia)i∈I .

2.4.3 Sub K-module

Let V be a left/right K-module. If W is a subgroup of V s.t. ∀a ∈ K,∀x ∈ W ax/xa ∈ W , then we say that W is
left/right sub K-module of V.

2.4.3.1 Example of Direct Sum Let I be a set. Let K⊕I be the subset of KI composed of mappings f : I → K s.t.

If = {x ∈ I | f(x) ̸= 0} is finite. It is a left and right sub K-module of KI .
In fact, ∀(f, g) ∈ K⊕I ×KI If−g = {x ∈ I | f(x)− g(x) ̸= 0} ⊆ If

⋃
Ig, which is finite.

Hence f − g ∈ K⊕I . So K⊕I is a subgroup of KI .
∀a ∈ K, ∀f ∈ K⊕I , Iaf ⊆ If , I(x 7→f(x)a) ⊆ If , so the proof is finished.

2.4.4 Morphisms of K-modules

2.4.4.1 Def Let V and W be left K-module, A morphism of groups ϕ : V → W is called a morphism of left K-modules
iff ∀(a, x) ∈ K × V, ϕ(ax) = aϕ(x).

2.4.4.2 K-linear Mapping If K is commutative, a morphism of K-modules is also called a K-linear mapping. We denote

by homK−Mod(V,W ) the set of all morphism of left K-module from V to W. This is a subgroup of WV . That is because if f
and g are elements of homK−Mod(E,F ), then f − g is also a morphism of left K-module.

2.4.4.3 Proof

• (f−g)(x+y) = f(x+y)−g(x+y) = (f(x)+f(y))−(g(x)+g(y)) = (f(x)−g(x))+(f(y)−g(y)) = (f−g)(x)+(f−g)(y)

• (f − g)(ax) = f(ax)− g(ax) = af(x)− ag(x) = a(f(x)− g(x)) = a(f − g)(x)

If K isn’t commutative, homK-Mod(E,F ) isn’t a left K-module, since λf(ax) = λaf(x) ̸= aλf(x). Otherwise, it is.

2.4.4.4 Theorem (Usually used in k-linear mappings, but stronger than that Prop.)
Let V be a left K-module. Let I be a set.

The mapping homK−Mod(K
⊕I , V ) → V I : ϕ 7→ (ϕ(ei))i∈I is a bijection where ei : I → K : j 7→

{
1 j = i

0 j ̸= i

2.4.4.5 Proof Injectivity Suppose ϕ1, ϕ2 ∈ homK−Mod(K
⊕I , V ) and (ϕ1(ei))i∈I = (ϕ2(ei))i∈I . Then ϕ1(X) = ϕ2(X) for

all X ∈ K⊕I . Since any element of K⊕I is a finite linear combination of ei’s and both ϕ1 and ϕ2 are K-module morphisms,
we conclude that ϕ1 = ϕ2. Therefore, the map is injective.

Surjectivity Given (vi)i∈I ∈ V I , define a morphism ϕ : K⊕I → V by setting ϕ(ei) = vi for each i ∈ I. This def uniquely
determines ϕ, since any element of K⊕I is a finite sum of the basis elements {ei}i∈I . Thus, every element of V I corresponds
to a morphism, proving surjectivity.
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2.4.5 Column

For any (x1, ..., xn) ∈ V n, by the theorem, there exists a unique morphism of left K-modules ϕ : Kn → V s.t. ∀i ∈

1, ..., n, ϕ(ei) = xi. We write this ϕ as a column

x1...
xn

. It sends (a1, ..., an) ∈ Kn to a1x1 + ...+ anxn.

2.4.6 Kernel

Let G and H be groups and f : G→ H be a morphism of groups, ker(f) = {x ∈ G | f(x) = eH}, called the kernel of f .

2.4.6.1 Theorem f is injective iff ker(f) = {eG}.

2.4.6.2 Proof Suppose f is injective, then Ker(f) = eG.
Suppose Ker(f) = eG, let (a, b) ∈ G2 s.t. f(a) = f(b). f(ab−1) = f(a)f(b−1) = f(b)f(b−1) = eH . Hence ab−1 = eG,

therefore a = b.

2.4.6.3 A New Left K-module Let (V,+) be a commutative group, I be a set. We have defined the composition law

+ on V I . Then V I forms a commutative group. Equipping with K, it’s a left K-module.

2.4.6.4 Theorem Let V be a left K-module, I be a set The mapping f : homK−Mod(K
⊕I , V ) → V I : ϕ 7→ (ϕ(ei))i ∈ I

is an isomorphism of groups, where ei : I → K : j 7→

{
1 j = i

0 j ̸= i

2.4.6.5 Proof One has (ϕ + ψ)(ei) = ϕ(ei) + ψi(ei), ∀(ϕ, ψ) ∈ homK−Mod(K
⊕I , V )2. Hence f(ϕ + ψ) = (ϕ(ei) +

ψ(ei))i∈I = f(ϕ) + f(ψ). So f is a morphism of groups.
bijection We have proved this previously.

2.4.6.6 Remark Suppose that K’ is a unitary ring and V is also equipped with a right K’-module structure, Then

homK−Mod(K
⊕I , V ) ⊆ V K

⊕I

is a right sub K’-module, and ψi in the theorem is a right K’-module isomorphism.

2.5 Monotone Mappings

2.5.0.1 Def Let I and X be partially ordered sets, f : I → X be a mapping.

• If ∀(a, b) ∈ I × I s.t. a < b. One has f(a) ≤ f(b)/f(a) < f(b), then we say that f is increasing/strictly increasing.

Decreasing takes similar way.

• If f is (strictly) increasing or decreasing, we say that f is (strictly) monotone.

2.5.0.2 Prop Let X,Y,Z be partially ordered sets. f : X → Y, g : Y → Z be mappings:

• If f and g have the same monotonicity, then g ◦ f is increasing.

• If f and g have different monotonicities, then g ◦ f is decreasing.

Strict monotonicities take the same.

2.5.1 Def on Functions

Let f be a function from a partially ordered set I to another partially ordered set. If f |Dom(f)→ X is (strictly)
increasing/decreasing then we say that f is (strictly) increasing/decreasing.

2.5.1.1 Prop Let I and X be partially ordered sets. f be function from I to X.

• If f is increasing/decreasing and f is injection, then f is strictly increasing/decreasing.

• Assume that I is totally ordered and f is strictly monotone, then f is injection.

2.5.1.2 Prop Let A be totally ordered set, B be a partially ordered set, f be an injective function from A to B. If f is
increasing/decreasing, then so is f−1.
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2.5.2 Def of Morphism on Partially Ordered Sets

Let X and Y be partially ordered sets. f : X → Y be a bijection. If both f and f−1 are increasing, then we say that f is
an isomorphism of partially ordered sets. (If X is totally ordered, then a mapping f : X → Y is an isomorphism of partially
ordered sets iff f is a bijection and f is increasing)

2.5.2.1 Prop Let I be a subset of N which is infinite. Then there is a unique increasing bijection λI : N → I.

2.5.2.2 Proof bijection We construct f : N → I by induction as follows. Let f(0) = min I, suppose that f(0), ..., f(n)
are constructed, then we take f(n+1) := min(I\{f(0), ..., f(n)}). Since I\{f(0), ..., f(n−1)} ⊇ I\{f(0), ..., f(n)}., therefore
f(n) ≤ f(n + 1). Since f(n + 1) ̸∈ {f(0), ..., f(n)}, we have f(n) < f(n + 1). Hence f is strictly increasing and this is
injective.

If f is not surjective, then I\Im(f) has a element N. Let m = min{n ∈ N | N ≤ f(n)}. Since N ̸∈ Im(f), N < f(m). So
m ̸= 0. Hence f(m− 1) < N < f(m) = min(I\{f(0), ..., f(m− 1)}). By Def, N ∈ I\Im(f) ⊆ I\{f(0), ..., f(m− 1)}. Hence
f(m) ≤ N , causing contradiction.

uniqueness Easy to prove.

2.6 Sequence and Series

Let I ⊆ N be a infinite subset.

2.6.0.1 Remark Let X be a set. We call sequence in X parametrized by I a mapping from I to X.

2.6.0.2 Remark If K is a unitary ring and E is a left K-module then the set of sequence EI admits a left K-module
structure. If x = (xn)n∈I is a sequence in E, we define a sequence

∑
(x) := (

∑
i∈I,i≤n

xi)n∈N, called the series associated with

the sequence x.

2.6.0.3 Prop
∑

: EI → EN is a morphism of left K-module.

2.6.0.4 Proof Let x = (xi)i∈I and y = (yi)i∈I be elements of EI∑
i∈I,i≤n

(xi + yi) = (
∑

i∈I,i≤n
xi) + (

∑
i∈I,i≤n

yi), λ
∑

i∈I,i≤n
xi =

∑
i∈I,i≤n

λxi

2.6.0.5 Prop Let I be a totally ordered set. X be a partially ordered set, f : I → X be a mapping, J ⊆ I. Assume that
J does not have any upper bound in I.(Equals to ”J is infinite”)

• If f is increasing, then f(I) and f(J) have the same upper bounds in X.

• If f is decreasing, then f(I) and f(J) have the same lower bounds in X.

2.6.0.6 Proof Since f(J) ⊂ f(I), and upper bound of f(I) is an upper bound of f(J). Let M be an upper bound of
f(J). Let x ∈ I. Since J does not have any upper bound in I, ∃y ∈ J, y > x. Hence f(x) < f(y). Hence f(x) ≤ f(y) ≤M .
Hence M is an upper bound of f(I).

2.6.1 Limit

2.6.1.1 Def Let I ⊆ N be an infinite subset. ∀(xi)n∈I ∈ [−∞,+∞]I where [−∞,+∞] denotes R
⋃
{−∞,+∞}, we define:

lim sup
n∈I,n→+∞

xn := inf
n∈I

( sup
i∈I,i≥n

xi), lim inf
n∈I,n→+∞

xn := sup
n∈I

( inf
i∈I,i≥n

xi)

If lim sup
n∈I,n→+∞

xn = lim inf
n∈I,n→+∞

xn = l, we then say that (xn)n∈I tends to l and that l is the limit of (xn)n∈I . If in addition

(xn)n∈I ∈ RI and l ∈ R, we say that (xn)n∈I converges to l.

2.6.1.2 Remark If J ⊆ N is an infinite subset, then:

lim sup
n∈I,n→+∞

= inf
n∈J

( sup
i∈I,i≥n

xi), lim inf
n∈I,n→+∞

xn = sup
n∈J

( inf
i∈I,i≥n

xi)

Therefore, if we change the values of finitely many terms in (xi)i∈I the limit superior and the limit inferior do not change.
In fact, if we take J = N\{0, ...,m}, then inf

n∈J
(...) and sup

n∈J
(...) only depend on the values of xi, i ∈ I, i ≥ m.

2.6.1.3 Prop ∀(xn)n∈I ∈ [−∞,+∞]I , lim inf
n∈I,n→+∞

xn ≤ lim sup
n∈I,n→+∞

xn
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2.6.1.4 Prop Let (xn)n∈I ∈ [−∞,+∞]I

∀c ∈ R lim sup
n∈I,n→+∞

(xn + c) = ( lim sup
n∈I,n→+∞

xn) + c, lim inf
n∈I,n→+∞

(xn + c) = ( lim inf
n∈I,n→+∞

xn) + c

∀c ∈ R>0
lim sup

n∈I,n→+∞
(λxn) = λ lim sup

n∈I,n→+∞
xn, lim inf

n∈I,n→+∞
(λxn) = λ lim inf

n∈I,n→+∞
xn

∀c ∈ R<0
lim sup

n∈I,n→+∞
(λxn) = λ lim inf

n∈I,n→+∞
xn, lim inf

n∈I,n→+∞
(λxn) = λ lim sup

n∈I,n→+∞
xn

2.6.1.5 Prop Let (xn)n∈I be elements in [−∞,+∞]I . Suppose that there exists N0 ∈ N s.t. ∀n ∈ I, n ≥ N0, one has
xn ≤ yn, then

lim sup
n∈I,n→+∞

(xn) ≤ lim sup
n∈I,n→+∞

yn, lim inf
n∈I,n→+∞

(xn) ≤ lim inf
n∈I,n→+∞

yn

2.6.1.6 Theorem Let (xn)n∈I , (yn)n∈I , (zn)n∈I be elements of [−∞,+∞]I .
Suppose that

• ∃N0 ∈ N,∀n ∈ I, n ≥ N0 one has xn ≤ yn ≤ zn

• (xn)n∈I and (zn)n∈I tend to the same limit l

Then (yn)n∈I tends to l.

2.6.1.7 Subsequence Let I be an infinite subset of N, and (xn)n∈I be a sequence in some set X. We call subsequence of
(xn)n∈I a sequence of the form (xn)n∈J , where J is an infinite subset of I.

2.6.1.8 Prop Let I and J be infinite subset of N s.t. J ⊆ I. ∀(xn)n∈I ∈ [−∞,+∞]I , one has

lim inf
n∈I,n→+∞

(xn) ≤ lim inf
n∈J,n→+∞

xn, lim sup
n∈I,n→+∞

(xn) ≥ lim sup
n∈J,n→+∞

xn

In particular, if (xn)n∈I tends to l ∈ [−∞,+∞], then (xn)n∈J tends to l.

2.6.2 Monotone Bounded Principle

2.6.2.1 Theorem Let I ⊆ N be an infinite subset and (xN )n∈I be a sequence in [−∞,+∞]

• If the mapping (n ∈ I) 7→ xn is increasing, then (xN )i∈I tends to sup
n∈I

xn.

• If the mapping (n ∈ I) 7→ xn is decreasing, then (xN )i∈I tends to inf
n∈I

xn.

2.6.2.2 Proof ∀n ∈ I, infi∈I,i≥n xi = xn, so liminf xn=sup xn. ∀n,m ∈ I, supi∈I,i≥n xi = supi∈I,i≥m xi, so lim sup sn =
supxn.

2.6.2.3 Notation If a sequence (xN )n∈I ∈ [−∞,+∞] tends to some l ∈ [−∞,+∞] the expression lim
n∈I,n→+∞

xn denotes

this limit l.

2.6.2.4 Corollary Let (xn)n∈I be a sequence in R≥0 Then the series
∑
n∈I

xn(the sequence (
∑

i∈I,i≤n
xn)n∈R) tends to an

element in R≥0

⋃
{+∞}. It converges in R iff it is bounded from above (namely, it has an upper bound in R).

2.6.2.5 Notation If a series
∑
n∈I

xn in [−∞,+∞] tends to some limit, we use the expression
∑
n∈I

xn to denote the limit.

2.6.2.6 Prop In the set of real numbers R, every nonempty subset that is bounded above (or bounded below) has a least
upper bound (supremum) (or greatest lower bound, infimum).

2.6.2.7 Prop Let α ∈ R>1 and b ∈ R>0. The series Σn∈N≥1

1

αnb converges.

2.6.3 Theorem: Bolzano-Weierstrass

(Stronger than sequentially compact in this topological space.)
Let (xn)n∈I be a sequence in [−∞,+∞]. There exists a subsequence of (xn)n∈I that tends to lim sup

n∈I,n→+∞
xn. There exists

a subsequence of (xn)n∈I that tends to lim inf
n∈I,n→+∞

xn.
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2.6.3.1 Proof Let J = {n ∈ I | ∀m ∈ I, if m ≥ n then xm ≤ xn}. If J is infinite, the sequence (xN )n∈J is decreasing, so
it tends to lim inf

n∈J,n→∞
xn = inf

n∈J
xn. ∀n ∈ J , by Def, xn = sup

i∈I,i≥n
xi. So lim sup

n∈I,n→+∞
xn = inf

n∈J
sup

i∈I,i≥n
xi = inf

n∈J
xn = lim

n∈J,n→+∞
xn.

Assume that J is finite. Let n0 ∈ I s.t. ∀n ∈ J, n < n0. Denote by l = sup
n∈I,n≥n0

xn. Let N ∈ N s.t. N ≥ n0. By Def,

sup
i∈I,i≥N

xi ≤ l. If the strict inequality sup
i∈I,i≥N

xi < l holds, then sup
i∈I,i≥N

xi is NOT an upper bound of {xn | n ∈ I, n0 ≤ n < N}.

So there exists n ∈ I s.t. n0 ≤ n < N s.t. xn > sup
i∈I,i≥N

xi.

We may also assume that n is the largest among the elements of I ∩ [n0, N [ that satisfy this inequality. Then ∀m ∈ I if
m ≥ n then xm ≤ xn Thus n ∈ J contradicts the maximality of n0. Therefore, l = sup

i∈I,i≥N
xi, which leads to lim sup

n∈I,n→+∞
xn = l.

Moreover, if m ∈ I,m ≥ n0, then m ̸∈ J , so xm < l (since otherwise xm = sup
i∈I,i≥m

xi, and hence m ∈ J). Hence,

∀ finite subset I ′ of {m ∈ I | m ≥ n0}, max
i∈I

xi < l and hence ∃n ∈ I, s.t. n > max I ′, and max
i∈I′

xi < xn.

We construct by induction an increasing sequence (nj)j∈N in I. Let n0 be as above. Let f : N → I≥n0
be a surjective

mapping. If nj is chosen, we choose nj+1 ∈ I s.t. nj+1 > nj , xnj+1 > max{xf(j), xnj}.
Hence, the sequence (xnj

)j∈N is increasing, and sup
j∈N

xnj
≤ sup

j∈N
xf(j) = sup

n∈I,n≥n0

xn = l.

So (xnj
)j∈N tends to l, lim sup

n∈I,n→+∞
xn

2.7 Cauchy Sequence Again

Let (xn)n∈I be a sequence in R. If inf
N∈N

sup
(n,m)∈I×I, n,m≥N

|xn − xm| = lim
N→+∞

sup
(n,m)∈I×I, n,m≥N

|xn − xm| = 0, then we say

that (xn)n∈I is a Cauchy sequence.

2.7.1 Prop

• If (xi)i∈I ∈ RI converges to some l ∈ R, then it is a Cauchy sequence.

• If (xi)i∈I is a Cauchy sequence converges to 0, there exists M > 0 s.t. ∀n ∈ I |xn| ≤M .

• If (xn)n∈I is a Cauchy sequence, then ∀J ⊆ I infinite, (xn)n∈J is a Cauchy sequence.

• If (xn)n∈I is a Cauchy sequence, then ∀J ⊆ I infinite and l ∈ R s.t. (xn)n∈I converges to l, then (xn)n∈J converges to
l too.

2.7.2 Theorem: Completeness of Real Number

If (xn)n∈I ∈ RI is a Cauchy sequence, then it converges in R.

2.7.2.1 Proof Since (xn)n∈I is a Cauchy sequence, ∃M ∈ R>0 s.t. −M ≤ xn ≤ M ∀n ∈ I. So lim sup
n∈I,n→+∞

xn ∈ R. By

Bolzano-Weierstrass theorem. ∃J ⊆ I infinite s.t. (xn)n∈I converges to lim sup
n∈I,n→+∞

xn ∈ R. Therefore, (xn)n∈I converges to

the same limit.

2.7.3 Absolutely Converge

We say that a series
∑
n∈I

xn ∈ R converges absolutely if
∑
n∈I

|xn| < +∞.

2.7.3.1 Prop If a series
∑
n∈I

xn converges absolutely, then it converges in R.

2.7.3.2 Remark (xn)n∈I converges to 0 can’t imply
∑
n∈I

xn converges absolutely.

2.8 Comparison and Technics of Computation

2.8.1 Def of O(),o()

Let (xn)n∈I and (yn)n∈I be sequences in R.

• If there exists M ∈ R>0 and N ∈ N s.t. ∀n ∈ I≥N , |xn| ≤M |yn| then we write xn = O(yn), n ∈ I, n→ +∞.

• If there exists (εn)n∈I ∈ RI and N ∈ N s.t. lim
n∈I,n→+∞

εn = 0 and ∀n ∈ I≥N , |xn| ≤ |εnyn|, then we write xn =

o(yn) n ∈ I, n→ +∞.
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2.8.1.1 Prop Let I and X be partially ordered sets and f : I → X be an increasing/decreasing mapping. Let J be a
subset of I. Assume that any elements of I has an upper bound in J. Then f(I) and f(J) have the same upper/lower bounds
in X.

2.8.1.2 Theorem Let I be a totally ordered set, f : I → [−∞,+∞] and g : I → [−∞,+∞] be two mappings that are
both increasing/decreasing. Then the following equalities holds, provided that the sum on the right hand side of the equality
is well defined.

sup
x∈I,{f(x),g(x)}̸={−∞,+∞}

(f(x)+g(x)) = (sup
x∈I

f(x))+(sup
y∈I

g(y)), inf
x∈I,{f(x),g(x)}̸={−∞,+∞}

(f(x)+g(x)) = (inf
x∈I

f(x))+(inf
y∈I

g(y))

2.8.1.3 Proof We can assume that f and g increasing. Let a = sup f(I),b = sup g(I), A = {(x, y) ∈ I×I | {f(x), g(y)} ≠
{−∞,+∞}}.

We equip A with the following order relation: (x, y) ≤ (x′, y′) iff x ≤ x′, y ≤ y′

Let B = A ∩∆I = {(x, y) ∈ A | x = y}. Consider h : A→ [−∞,+∞] h(x, y) = f(x) + g(y), which is increasing.
Let (x, y) ∈ A. Assume that x ≤ y. If {f(y), g(y)} ̸= {−∞,+∞}, then (y, y) ∈ B and (x, y) ≤ (y, y). If {f(y), g(y)} =

{−∞,+∞} and for (x, y) ∈ A → f(y) = +∞, g(y) = −∞. So a = +∞. Hence b > −∞. So ∃z ∈ I s.t. g(z) > −∞. We
should have y ≤ z Hence f(z) + g(z) is well defined, (z, z) ∈ B and (x, y) ≤ (z, z).

Similarly, if x ≥ y, (x, y) has also an upper bound in B. Therefore: suph(A) = suph(B).
inf takes the same.

2.8.1.4 Prop Let I ⊆ N be an infinite subset. Let (xn)n∈I and (yn)n∈I be elements of [−∞,+∞]I s.t., ∀n ∈ I {xn, yn} ≠
{−∞,+∞}. Then the following inequalities holds, provided that the sum on the right hand side is well defined.

lim sup
n∈I,n→+∞

(xn + yn) ≤ ( lim sup
n∈I,n→+∞

xn) + ( lim sup
n∈I,n→+∞

yn), lim inf
n∈I,n→+∞

(xn + yn) ≥ ( lim inf
n∈I,n→+∞

xn) + ( lim inf
n∈I,n→+∞

yn)

2.8.1.5 Proof ∀n ∈ N, letAN = sup
n∈I,n≥N

xn BN = sup
n∈I,n≥N

yn. (AN )N∈N and (BN )N∈N are decreasing, and lim sup
n∈I,n→+∞

xn =

inf
N∈N

AN lim sup
n∈I,n→+∞

yn = inf
N∈N

BN . By theorem: inf
N∈N

AN + inf
N∈N

BN = inf
N∈N,{AN ,BN}̸={−∞,+∞}

(AN + BN ) Let CN =

sup
n∈I,n≥N

(xn + yn) ≤ AN +BN if AN +BN is defined.

Therefore, inf
N∈N

CN ≤ inf
N∈N,{AN ,BN}̸={−∞,+∞}

(AN +BN ) = inf
N∈N

AN + inf
N∈N

BN .

2.8.1.6 Prop Let I ⊆ N be an infinite subset. Let (xn)n∈I and (yn)n∈I be elements of [−∞,+∞]I s.t. ∀n ∈ I {xn, yn} ≠
{−∞,+∞}. Then the following inequalities holds, provided that the sum on the right hand side is well defined.

lim sup
n∈I,n→+∞

(xn + yn) ≥ ( lim sup
n∈I,n→+∞

xn) + ( lim inf
n∈I,n→+∞

yn), lim inf
n∈I,n→+∞

(xn + yn) ≥ ( lim inf
n∈I,n→+∞

xn) + ( lim sup
n∈I,n→+∞

yn)

2.8.1.7 Proof Fake proof: lim sup
n∈I,n→+∞

xn = lim sup
n∈I,n→+∞

(xn + yn − yn) ≤ lim sup
n∈I,n→+∞

(xn + yn)− lim inf
n∈I,n→+∞

yn.

To have a true proof, we only need to discuss conditions with ∞.

2.8.1.8 Theorem Let (xn)n∈I and (yn)n∈I be elements of [−∞,+∞]I . Assume that ∀n ∈ I, yn ∈ R and (yn)n∈I converge
to some l ∈ R. Then: lim sup

n∈I,n→+∞
(xn + yn) = ( lim sup

n∈I,n→+∞
xn) + l, lim inf

n∈I,n→+∞
(xn + yn) = ( lim inf

n∈I,n→+∞
xn) + l.

2.8.1.9 Prop Let (xn)n∈I and (yn)n∈I be elements of [−∞,+∞]I . Then:

lim inf
n∈I,n→+∞

max{xn, yn} = max{ lim inf
n∈I,n→+∞

xn, lim inf
n∈I,n→+∞

yn},

lim inf
n∈I,n→+∞

min{xn, yn} = min{ lim inf
n∈I,n→+∞

xn, lim inf
n∈I,n→+∞

yn}.

2.8.1.10 Proof max{xn, yn} ≥ xn, yn, by the theorem of Bolzano-Weierstrass theorem, there exists an infinite subset
J of I s.t. lim

n∈J,n→+∞
max{xn, yn} = lim sup

n∈J,n→+∞
max{xn, yn}. Let J1 = {n ∈ J | xn ≥ yn} J2 = {n ∈ J | xn ≤ yn},

J1
⋃
J2 = J , so either J1 or J2 is infinite.

Suppose that J1 is infinite, then lim
n∈J,n→+∞

max{xn, yn} = lim
n∈J1,n→+∞

max{xn, yn} = lim
n∈J,n→+∞

xn ≤ lim sup
n∈I,n→+∞

xn. If

J2 is infinite, lim
n∈J,n→+∞

max{xn, yn} = lim
n∈J2,n→+∞

max{xn, yn} = lim
n∈J,n→+∞

xn ≤ lim sup
n∈I,n→+∞

xn.

2.8.1.11 Theorem Let (aN )n∈I ∈ RI , l ∈ R. The following statements are equivalent:

1. (aN )n∈I converges to l.

2. lim sup
n∈I,n→+∞

|an − l| = 0.
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2.8.1.12 Proof
|an − l| = max{an − l, l − an}

lim sup
n∈I,n→+∞

|an − l| = max{( lim sup
n∈I,n→+∞

an)− l, l − ( lim inf
n∈I,n→+∞

an)}

(1) → (2): If (an)n∈I converges to l, then lim sup
n∈I,n→+∞

an = lim inf
n∈I,n→+∞

an = l.

(2) → (1): If lim sup
n∈I,n→+∞

|an − l| = 0 , then lim sup
n∈I,n→+∞

an ≤ l ≤ lim inf
n∈I,n→+∞

an.

Therefore: lim sup
n∈I,n→+∞

an = lim inf
n∈I,n→+∞

an = l.

2.8.1.13 Remark (aN )n∈I converges to 0 is equivalent to lim sup
n∈I,n→+∞

|an| = 0.

2.8.1.14 Remark Let (an)n∈I be a sequence in R, l ∈ R.
The sequence (an)n∈I converges to l iff an − l = o(1) n ∈ I, n→ +∞.

2.8.2 Calculates on O(),o()

2.8.2.1 Plus Let (an)n∈I (a′n)n∈I and (bn)n∈I be elements in RI :

• If an = O(bn), a
′
n = O(bn), n ∈ I, n→ +∞, then ∀(λ, µ) ∈ R2, λan + µa′n = O(bn), n ∈ I, n→ +∞.

• If an = o(bn), a
′
n = o(bn), n ∈ I, n→ +∞, then ∀(λ, µ) ∈ R2, λan + µa′n = o(bn), n ∈ I, n→ +∞.

2.8.2.2 Transform Let (an)n∈I and (bn)n∈I be two sequence in R If an = o(bn), n ∈ I, n → +∞, then an = O(bn), n ∈
I, n→ +∞.

2.8.2.3 Transition Let (an)n∈I , (bn)n∈I and (cn)n∈I be elements in RI :

• If an = O(bn) and bn = O(cn), n ∈ I, n→ +∞, then an = O(cn), n ∈ I, n→ +∞.

• If an = O(bn) and bn = o(cn), n ∈ I, n→ +∞, then an = o(cn), n ∈ I, n→ +∞.

• If an = o(bn) and bn = O(cn), n ∈ I, n→ +∞, then an = o(cn), n ∈ I, n→ +∞.

2.8.2.4 Times Let (an)n∈I , (bn)n∈I , (cn)n∈I , (dn)n∈I be sequences in R:

• If a−N = O(bn), cn = O(dn), n ∈ I, n→ +∞, then ancn = O(bndn), n ∈ I, n→ +∞.

• If a−N = o(bn), cn = O(dn), n ∈ I, n→ +∞, then ancn = o(bndn), n ∈ I, n→ +∞.

2.8.3 On the Limit

Let (an)n∈I , (bn)n∈I be elements of RI that converges to l ∈ R and l′ ∈ R respectively. Then:

• (an + bn)n∈I converges to l + l′.

• (anbn)n∈I converges to ll′.

2.8.3.1 Prop Let a ∈ R. Then an = o(n!) n→ +∞.

2.8.3.2 Proof Let N ∈ N s.t. |a| < N . For n ∈ N s.t. n ≥ N

0 ≤ |an|
n!

=
|aN |
N !

· |a
n−N |N !

n!
≤ |aN |

N !
(
|a|
N

)n−N

And 0 < |a|
N < 1 → lim

n→+∞
( |a|N )n = 0. Therefore: lim

n→+∞
|an|
n! = 0, namely an = o(n!).

2.8.3.3 Prop n! = o(nn) n→ +∞

2.8.3.4 Proof Let N ∈ N≥1, 0 ≤ n!
nn ≤ 1

n → lim
n→+∞

n!
nn = 0.

2.8.3.5 Prop Let (an)n∈I , (bn)n∈I be the elements of RI . If the series
∑
n∈I

bn converges absolutely and if an = O(bn) n→

+∞. Then
∑
n∈I

an converges absolutely.
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2.8.3.6 Proof By Def,
∑
n∈I

|bN | < +∞. If |aN | ≤M |bN | for n ∈ I, n ≥ N where N ∈ N, then:

∑
n∈I

|an| =
∑

n∈I,n<N
|an|+

∑
n∈I,n≥N

|an| ≤
∑

n∈I,n<N
|an|+

∑
n∈I,n≥N

|bn| < +∞.

2.8.4 Theorem: d’Alembort Ratio Test

Let (aN )n∈N ∈ (R\{0})N

• If lim sup
n→+∞

|an+1

an
| < 1, then

∑
n∈N

an converges absolutely.

• If lim inf
n→+∞

|an+1

an
| > 1, then

∑
n∈N

an does not converge (diverges).

2.8.4.1 Proof

1. Let α ∈ R s.t. lim sup
n→+∞

|an+1

an
| < α < 1, α isn’t a lower bound of ( sup

n≥N
|an+1

an
|)N∈N.

So ∃N ∈ N s.t. sup
n≥N

|an+1

an
| < α. Hence for n ≥ N |an| ≤ αn−N |aN |, since an

aN
= aN+1

aN

aN+2

aN+1
... an
an−1

. Therefore

an = O(αn) since
∑
n∈N

= 1
1−α < +∞,

∑
n∈N

an converge absolutely.

Lemma If a series
∑
n∈N

an ∈ R converges absolutely, then lim
n→+∞

an = 0.

Proof If (
n∑
i=0

ai)n∈N converges to some l ∈ R , then (
n−1∑
i=0

ai)n∈N,n≥1 converges to l, too. Hence

(
an =

(
n∑
i=0

ai

)
−
(
n−1∑
i=0

ai

))
n∈N

converges to l-l=0.

2. Let β ∈ R s.t. 1 < β < lim inf
n→+∞

|an+1

an
| = sup

N∈N
inf
n≥N

|an+1

an
|.

So there exists N ∈ N s.t. β < inf
n≥N

|an+1

an
|.

∀n ∈ N, n ≥ N |an+1

an
| ≥ β.

Hence (|an|)n∈N is not bounded since |an| ≥ βn−N |an|.
By the lemma:

∑
n∈N

an diverges.

2.8.4.2 Prop Let a ∈ R, a > 1. Then n = o(an), n→ +∞.

2.8.4.3 Proof Let ε > 0 s.t. a = (1 + ε)2. an = (1 + ε)2n = (1 + ε)n(1 + ε)n ≥ (1 + nε)(1 + nε) ≥ ε2n2. Hence

n ≤ an

ε2n = o(an).

2.8.4.4 Corollary Let a > 1, t ∈ R≥0 Then nt = o(an), n→ +∞

2.8.4.5 Proof Let d ∈ N≥1 s.t. t ≤ dThen nt−d ≤ 1. So nt = ndnt−d = O(nd). Let b = d
√
a > 1, nd = o((bn)d) = o(an).

Hence nt = o(an).

2.8.4.6 Corollary There exists M ≥ 1 s.t. ∀x ∈ R, x ≥M, ln(x) ≤ x.

2.8.4.7 Proof Let a ∈ R s.t. 1 < a < e.

2.8.5 Theorem: Cauchy Root Test

Let (an)n∈N be a sequence in R. Let α = lim sup
n→+∞

|an|
1
n :

• If α < 1, then
∑
n∈N

an converges absolutely.

• If a > 1 then
∑
n∈N

an diverges.

2.8.5.1 Proof

1. Let β ∈ R, α < β < 1. There exists N ∈ N s.t. |aN | 1
n ≤ β for n ≥ N . That means |an| = O(βn) since 0 < β < 1,

∑
n∈N

an

converges absolutely.

2. If α > 1 then ∀N ∈ N ∃n ≥ N s.t. |an|
1
n ≥ 1, since otherwise ∃N ∈ N ∀n ≥ N, |an|

1
n < 1 contradiction. Hence

(|an|)n∈N cannot converge to 0.
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2.8.6 Leibniz’s Criterion

Let
∑∞
n=1(−1)n+1an be an alternating series where an > 0. The series converges if:

1. an is monotonic decreasing, i.e., an+1 ≤ an for all n,

2. limn→∞ an = 0.

If these conditions are satisfied, the series converges.



Chapter 3

Topology

3.1 Absolute Value

3.1.0.1 Def Let K be a field. By absolute value on K, we mean a mapping |·| : K → R≥0 that satisfies:

1. ∀a ∈ K |a| = 0 iff a = 0.

2. ∀(a, b) ∈ K2 |ab| = |a| · |b|.

3. ∀(a, b) ∈ K2 |a+ b| ≤ |a|+ |b|(triangle inequality). Or we can say ||x| − |y|| ≤ |x− y|.

3.1.1 Bernoulli’s Inequality

Bernoulli’s inequality states that for all x ≥ −1 and n ∈ N+,

(1 + x)n ≥ 1 + nx.

3.1.1.1 Proof We will prove this inequality using mathematical induction on n.
For n = 1, we have

(1 + x)1 = 1 + x.

This is exactly 1 + x ≥ 1 + 1 · x, so the base case holds.
Assume that the inequality holds for some positive integer n = k, i.e.,

(1 + x)k ≥ 1 + kx.

We need to show that the inequality holds for n = k + 1, i.e.,

(1 + x)k+1 ≥ 1 + (k + 1)x.

To prove this, start with the left-hand side:

(1 + x)k+1 = (1 + x)k · (1 + x).

Using the induction hypothesis, we know that (1 + x)k ≥ 1 + kx. Thus,

(1 + x)k+1 = (1 + x)k · (1 + x) ≥ (1 + kx)(1 + x).

Expanding the right-hand side, we get

(1 + kx)(1 + x) = 1 + x+ kx+ kx2 = 1 + (k + 1)x+ kx2.

Since x2 ≥ 0 for x ≥ −1, we have kx2 ≥ 0, and therefore,

1 + (k + 1)x+ kx2 ≥ 1 + (k + 1)x.

Thus,
(1 + x)k+1 ≥ 1 + (k + 1)x.

This completes the inductive step.

3.1.2 Arithmetic-Geometric Mean Inequality (On real number’s field)

The Arithmetic-Geometric Mean Inequality states that for any non-negative real numbers a1, a2, . . . , an,

n∑
i=1

ai

n
≥ n

√√√√ n∏
i=1

ai.

Equality holds if and only if a1 = a2 = · · · = an.

25
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3.1.2.1 Example Trivial absolute value:

|a|0 =

{
0, if a = 0

1, if a ̸= 0

3.1.2.2 Notation Take a prime number p. ∀α ∈ Q\{0} there exists an integer s.t. α
ordp(α)

= a
b , where

{
a ∈ Z\{0}
b ∈ N\{0}

, p∥ida, p∥idb,

which is unique.

3.1.2.3 Prop |·| :

Q → R≥0

α 7→

{
p−ordp(α) if α ̸= 0

0 if α = 0

is a absolute value on Q.

3.1.2.4 Proof

(1) Obviously.

(2) If α = pordp(α) ab , β = pordp(β) cd p∥idabcd.αβ = pordp(α)+ordp(β) acbd p∥idac, p∥idbd

(3) α+ β = pordp(α) ab + pordp(β) cd . Assume ordp(α) ≥ ordp(β), α+ β = pordp(β)
(
pordp(α)−ordp(β) ab +

c
d

)
= pordp(β) p

ordp(α)−ordp(β)ad+bc
bd p∥idbd. So ordp(α+ β) ≥ ord(β).

Hence ordp(α+β) ≥ min{ordp(α), ordp(β)}. So |α+β|p = p−ordp(α+β) ≤ max{p−ordp(α), p−ordp(β)} = max{|α|p, |α|p} ≤
|α|p, |α|p.

3.2 Quotient Structure

3.2.1 Quotient Set

Let X be a set and ∼ be an equivalence relation on X.
For any x ∈ X, we denote by [x] the set {y ∈ X | y ∼ x} and call it the equivalence class of x. Let X/ ∼ be the set

{[x] | x ∈ X}, the name of it is quotient set.

3.2.1.1 Prop Let X be a set and ∼ be an equivalence relation on X.

1. For any x ∈ X and any y ∈ [x], one has [x] = [y].

2. If α and β are elements of X/ ∼ s.t. α ̸= β, then α
⋂
β = ∅.

3. X=
⋃
α∈X/∼ α.

3.2.1.2 Proof

1. Let z ∈ [y]. Then y ∼ z. Since y ∈ [x], one has x ∼ y. Therefore, x ∼ z namely z ∈ [x]. This proves [y] ⊆ [x].

Moreover, since x ∼ y, one has x ∈ [y]. For the same reason, [x] ⊆ [y]. Thus we obtain [x] = [y].

2. Suppose that α
⋂
β ̸= ∅ and y ∈ α

⋂
β. By (1), α = β = [y]. This leads to a contradiction.

3. For any x ∈ X, x ∈ [x]. Hence x ∈
⋃
α∈X/∼ α. Hence X ⊆

⋃
α∈X/∼ α. Conversely, for any α ∈ X/ ∼, α is a subset of

X. Hence
⋃
α∈X/∼ α ⊆ X.

3.2.2 Left/Right Action

Let G be a group and X be a set.
We call left action of G on X any mapping G × X → X (g, x) 7→ gx that satisfies ∀x ∈ X, 1x = x, ∀(g, h) ∈ G2, x ∈

X, g(hx) = (gh)x
We call right action of G on X any mapping G ×X → X (g, x) 7→ xg that satisfies ∀x ∈ X,x1 = x, ∀(g, h) ∈ G2, x ∈

X,x(gh) = (xg)h.

3.2.2.1 Remark If we denote by Gop the set G equipped with the composition law G × G → G (g, h) 7→ hg, then a
right action of G on X is just a left action of Gop on X.

3.2.2.2 Prop Let G be a group and X be a set. Assume given a left action of G on X, Then the binary relation ∼ on X
defined as x ∼ y iff ∃g ∈ G, y=gx is an equivalence relation.

For any x ∈ X, the equivalence class of x is denoted as Gx or orbG(x), called the orbit of x under the action of G.
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3.2.2.3 Proof

1. ∀x ∈ X, x=1x, so x ∼ x.

2. ∀(x, y) ∈ X2, if y=gx for some g ∈ G, then g−1y = g−1(gx) = (g−1g)x = 1x = x.

3. ∀(x, y, z) ∈ X3, if ∃(g, h) ∈ G2 s.t. y=gx and z=hy, then z=h(gx)=(hg)x. So x ∼ z.

3.2.2.4 Notation We denote by G\X the set X/ ∼.

3.2.3 Projection Mapping

Let X be a set and ∼ be an equivalence relation, the mapping X → X/ ∼, (x ∈ X) 7→ [x] is called the projection mapping.

3.2.3.1 Example Let G be a group and H be a subgroup of G(non-empty subset s.t. ∀(x, y) ∈ H2, xy−1 ∈ H).
Then the mapping H ×G→ G is a left action of H on G. Thus we obtain two quotient sets H\G and G/H.

3.2.4 Normal Subgroup

Let G be a group and H be a subgroup of G. If ∀g ∈ G, h ∈ H, ghg−1 ∈ H, then we say that H is a normal subgroup of
G.

3.2.4.1 Remark

1. For any g ∈ G, gH⊆Hg provided that H is a normal subgroup of G.

In fact, ∀h ∈ H, ∃h′ ∈ H s.t. ghg−1 = h′. Hence gh=h’g, this shows gH ⊆ Hg.

∃h′′ s.t. g−1hg = h′′. Hence hg=gh”. This shows Hg ⊆ gH.

2. If G is commutative, any subgroup of G is normal.

3.2.4.2 Theorem Let G be a group and H be a normal subgroup of G.
Then the mapping G/H ×G/H → G/H is well defined and determines a structure of group on the quotient set G/H.
Moreover, the projection mapping π : G→ G/H x 7→ xH is a morphism of groups.

3.2.4.3 Proof

1. If xH=x’H and yH=y’H, then ∃h1 ∈ H and h2 ∈ H s.t. x’=xh1, y’=yh2. Hence x’y’=xh1yh2=(xy)(y−1h1y)h2.
Therefore (x′y′)H = (xy)H. The mapping is well defined.

2. ∀(x, y, z) ∈ G3, (xH)(yH × zH) = xH((yz)H) = (x(yz))H = (xH × yH)zH.

∀x ∈ G, 1H × xH = xH × 1H = xH, x−1H × xH = 1H.

3. π(xy) = (xy)H = xH × yH = π(x)π(y).

3.2.4.4 Prop Let K be a unitary ring, E be a left K-module and F be a sub K-module. Then the mapping K× (E/F ) →
E/F is well defined, and defines a left K-module (a, [x]) 7→ [ax] structure on E/F . Moreover, the projection mapping
π : E → E/F is a morphism of left K-modules.

3.2.4.5 Proof Let x and x’ be elements of E s.t. [x]=[x’], that means x′ − x ∈ F . Hence a(x′ − x) = ax′ − ax ∈ F . So
[ax]=[ax’].

Let we check that E/F forms a left K-module:

• a([x] + [y]) = a([x+ y]) = [a(x+ y)] = [ax+ ay] = [ax] + [ay].

• (a+ b)[x] = [(a+ b)x] = [ax+ bx] = [ax] + [bx].

• 1[x]=[1x]=[x].

• a(b[x])=a[bx]=[a(bx)]=[(ab)x]=(ab)[x].

By the previous Prop, π is a morphism of groups. Moreover, ∀x ∈ E, a ∈ K, π(ax) = aπ(x).

3.2.5 Two-sided Ideal

Let A be a unitary ring. We call two-sided ideal any subgroup I of (A,+) that satisfies the following condition: ∀x ∈
I, a ∈ A, {ax, xa} ⊆ I. (I is a left and right sub K-module of A)
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3.2.5.1 Theorem Let A be a unitary ring and I be a two sided ideal of A. The mapping (A/I)×(A/I) → A/I ([a], [b]) 7→
[ab] is well defined. Moreover, A/I becomes a unitary ring under the addition and this composition law, and the projection

mapping A
π→ A/I is a morphism of unitary ring.

3.2.5.2 Proof If a′ ∼ a, b′ ∼ b, it means a′−a ∈ I, b′−b ∈ I, then a′b′−ab = a′b′−a′b+a′b−ab = a′(b′−b)+(a′−a)b ∈ I,
Therefore a′b′ ∼ ab. π(ab) = π(a)π(b), π(1) is the unity.

3.2.5.3 Example Let d ∈ Z and dZ = {n ∈ Z | ∃m ∈ Z, n = dm}, dZ is a two sided ideal of Z.
If m ∈ Z, for any a ∈ Z, adm=dma∈ dZ. Denote by Z/dZ the quotient ring. The class of n ∈ Z in Z/dZ is called the

residu class of n modulo d.
If A is a commutative unitary ring, a two sided ideal of A is simply called an ideal of A.

3.2.5.4 Theorem Let f : G→ H be a morphism of groups.

1. Im(f) is a subgroup of H.

2. Ker(f) is a normal subgroup of G.

3. The mapping f̃ : G/Ker(f) → Im(f) [x] → f(x) is well defined and is an isomorphism of groups.

3.2.5.5 Proof

1. Let α and β be elements of Im(f). Let (x,y)∈ G2 s.t. α = f(x), β = f(y). Then αβ−1 ∈ Im(f). So Im(f) is a
subgroup.

2. Let x and y be elements of Ker(f). One has f(xy−1) = f(x)f(y−1) = 1H , so xy−1 ∈ Ker(f). Hence Ker(f) is a
subgroup of G. Let x ∈ Ker(f) and y ∈ G. One has f(yxy−1) = f(y)f(x)f(y)−1 = 1H . Hence yxy−1 ∈ Ker(f). So
Ker(f) is a normal subgroup.

3. If x ∼ y then ∃z ∈ Ker(f) s.t. y=xz. Hence f(y) = f(x)f(z) = f(x). So f̃ is well defined. Moreover f̃([x][y]) =

f̃([xy]) = f(xy) = f(x)f(y) = f̃([x])f̃([y]). Hence f̃ is a morphism of groups.

By Def, Im(f̃) = Im(f). If x and y are elements of G s.t. f(x)=f(y), then f(xy−1) = 1H . Hence xy−1 ∈ Ker(f). Since

x = (xy−1)y, x ∼ y, that means [x] = [y]. Therefore f̃ is injective.

3.2.5.6 Theorem Let K be a unitary ring and f : E → F be a morphism of left-K-modules.

1. Im(f) is a left sub-K-module of F .

2. Ker(f) is a left sub-K-module of E.

3. f̃ : E/Ker(f) → Im(f), [x] 7→ f(x) is an isomorphism of left K-module.

3.2.5.7 Proof

1. Let a ∈ K, x ∈ E, af(x) = f(ax) ∈ Im(f).

2. Let a ∈ K, x ∈Ker(f), f(ax) = af(x) = a0 = 0.

3. Let a ∈ K, x ∈ E, f̃(a[x]) = f̃([ax]) = f(ax) = af(x) = af̃([x]).

3.3 Topology

3.3.1 Topological Space

Here I skipped many things mentioned in the class ”Geometry and Topology”.

3.3.1.1 Remark While the union of the collection of topologies may not form a topology, the intersection of any collection
of topologies do forms a topology.

3.3.2 Metric Space

We define (X, d) a metric space, s.t.

1. d(x,y)=0 iff x=y.

2. d(x,y)+d(y,z)≥d(x,z).

3. d(x,y)=d(y,x).
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3.3.2.1 Isometry isometry=distance preserving + bijective.

3.3.2.2 Prop Strongly equivalent metrics are topologically equivalent, and conversely, topologically equivalent metrics
are strongly equivalent.

3.3.2.3 Example Let (Xi, di), i ∈ {1, . . . , n} be a family of metric spaces. Let X be the product set X1 × · · · ×Xn. We
call d(x, y) := maxi∈{1,...,n} di(xi, yi) the product metric of d1, . . . , dn.

3.3.3 Axiom of Choice

Given a family of non-empty sets {Ai}i∈I , where I is an index set, there exists a function f (called a choice function)
s.t. for each i ∈ I, we have f(i) ∈ Ai, meaning that an element is chosen from each set Ai.

3.3.4 Theorem: Zorn’s Lemma

If ∀A ⊆ X that is totally ordered with respect to ≤, there exists a maximal element x0 of X.

3.3.4.1 Remark Let (X,≤) be a well ordered set, y /∈ X. We extend ≤ to X
⋃
{y} s.t. ∀x ∈ X,x < y. Then (X

⋃
{y},≤)

is well ordered.

3.3.5 Initial Segment

Let (X,≤) be a well ordered set, S ⊆ X, if ∀s ∈ S and x ∈ X, x < s implies x ∈ S, then we say that S is an initial
segment of X.

If S is an initial segment s.t. S ̸= X, then we say that S is a proper initial segment.

3.3.5.1 Prop Let (X,≤) be a well ordered set, if (Si)i∈I is a family of initial segments of X, then
⋃
i∈I Si is an initial

segment of X.

3.3.5.2 Proof ∀s ∈
⋃
i∈I Si, ∃i ∈ I s.t. s ∈ Si. Therefore X<s ⊆ Si ⊆

⋃
j∈I Sj .

3.3.5.3 Prop Let (X,≤) be a well ordered set.

1. Let S be a proper initial segment of X, x=min(X\S), then S = X<x.

2. X → P(X) x 7→ X<x is strictly increasing.

3. The set of all initial segments of X forms a well ordered subset of (P(X),⊆).

3.3.5.4 Proof of the Third Prop Let F ⊆ P(X) be a set of initial segments s.t. F ̸= ∅. Then there exists A ⊆ X s.t.
F\{x} = {X<x | x ∈ A}. If A = ∅ then F = {X}, and X is the least element of F . Otherwise A ̸= ∅ and also have a least
element a. Then by (2) X<a is the least element of F .

3.3.5.5 Lemma Let (X,≤) be a well ordered set, f : X → X be a strictly increasing mapping. Then ∀x ∈ X, x ≤ f(x).

3.3.5.6 Prop Let (X,≤) be a well ordered set, S and T be two initial segments of X. If f : S → T is a bijection that is
strictly increasing, then S=T and f = IdS .

3.3.5.7 Proof We may assume T ⊆ S. Let ι : T → S t 7→ t be the inclusion mapping and g=ι ◦ f, S → S.
Since g is strictly increasing, by the lemma, ∀s ∈ S, s ≤ g(s) = f(s) ∈ T . Since T is an initial segment, s ∈ T . Hence

S=T.
Apply the lemma to f−1, we get ∀s ∈ S, s ≤ f−1(s). Hence f(s) ≤ s, therefore f(s)=s.

3.3.6 Isomophic

Let (X,≤), (Y,≤) be partially ordered sets.
If there exists f : X → Y that is both increasing and a bijection, we say that (X,≤), (Y,≤) are isomophic.

3.3.6.1 Def of ⪯ / ≺ Let (X,≤), (Y,≤) be well ordered sets. If (X,≤) is isomorphic to an initial segment of (Y,≤), we
denote X ⪯ Y .

If X is isomorphic to Y, we note X ∼ Y . If x ⪯ y but X ≁ Y , we note X ≺ Y .

3.3.6.2 Prop Let X,Y be well ordered sets. Among the following conditions, one and only one holds: X ≺ Y, X ∼
Y, Y ≺ X.
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3.3.6.3 Proof

1. We construct a correspondence f : X → Y s.t. (x, y) ∈ Γf iff X<x ∼ Y<y. By the last prop of Oct. 11, f is a function.

If (a, b) ∈ Dom(f) × Dom(f), a < b, then X<a ⊂ X<b. By Def, Y<f(b) ∼ X<b, Y<f(a) ∼ X<a. Hence Y<f(a) is
isomorphic to a proper initial segment of Y<f(b). Therefore Y<f(a) is a proper initial segment of Y<f(b). We then get
f(a) < f(b). Thus f is strictly increasing.

2. Let a ∈ Dom(f). Let x ∈ X, x < a. Then X<x is a proper initial segment of X<a ∼ Y<f(a). Hence ∃y ∈ Y<f(a),
X<x ∼ Y<y. This shows that x ∈ Dom. Hence Dom(f) is an initial segment of X. Applying this to f−1, we get:
Im(f) = Dom(f−1) is an initial segment of Y.

3. To prove that either Dom(f)=X, or Im(f)=Y. We assume that x ∈ X\Dom(f), y ∈ Y \Im(f) are respectively the least
elements of X\Dom(f) and Y \Im(f). Then we get Dom(f) = X<x, Im(f) = Y<y. We obtain X<x ∼ Y<y, (x, y) ∈ Γf .
Contradiction!

Cases

1. Dom(f) = X, Im(f) ⊂ Y , X ≺ Y .

2. Dom(f) ⊂ X, Im(f) = Y , Y ≺ X.

3. Dom(f)=X, Im(f)=Y, X ∼ Y .

3.3.6.4 Lemma Let (X,≤) be a partially ordered set. S ⊆ P(X).
Assume that:

1. ∀A ∈ S , (A,≤) is a well ordered set.

2. ∀(A,B) ∈ S × S , either A is an initial segment of B, or B is an initial segment of A.

Let Y =
⋃
A∈S A. Then (Y,≤) is a well ordered set, and, ∀A ∈ S , A is an initial segment of Y.

3.3.6.5 Proof

1. Let A ∈ S , x ∈ A, y ∈ Y , y<x. Since Y =
⋃
B∈S B, ∃B ∈ S , s.t. y ∈ B. If y /∈ A, then B ⊈ A. Hence A is an initial

segment of B. Hence y ∈ A. Contradiction!

2. Let Z ⊆ Y , s.t. Z ̸= ∅. Then ∃A ∈ S , A
⋂
Z ̸= ∅. Let m be the least element of A

⋂
Z. Let z ∈ Z be the least

element of Z. Let B ∈ S s.t. z ∈ B. If z ∈ A, then m ≤ z. If z /∈ A, then A is an initial segment of B.

Since B is well ordered, z < m. Since m ∈ A, we get z ∈ A. Contradiction!

Therefore, m is the least element of Z.

3.3.7 Proof of Zorn’s Lemma

Suppose that X doesn’t have any maximal element. Let ω = {well ordered subsets of X}. Let f : ω → X s.t. f(A) is an
upper bound of A ∈ ω. If A ∈ ω satisfies ∀a ∈ A, a=f(A<a), we say that A is a f-set.

Let S = {f-sets}. Note that ∅ ∈ S . If A ∈ S , A
⋃
{f(A)} ∈ S . In fact, if a ∈ A, then A<a = (A

⋃
{f(A)})<a. If

a = f(A) /∈ A, then (A
⋃
{f(A)})<a = A.

Let A and B be elements of S . Let I be the union of all common initial segments of A and B. This is also a common
initial segment of A and B.

If I ̸= A and I ̸= B, then ∃(a, b) ∈ A× B, I = A<a = B<b. f(I) = f(A<a) = f(B<b). Hence a=b. Then I
⋃
{a} is also

a common initial segment of A and B, contradiction!
By the lemma, Y :=

⋃
A∈S A is well ordered, and any A ∈ S is an initial segment of Y.

∀a ∈ Y, ∃A ∈ S , a ∈ A. Since A is an initial segment of Y, A<a = Y<a. Hence f(Y<a) = f(A<a) = a. Hence Y ∈ S .
Thus Y is the greatest element of (S ,⊆). However, Y

⋃
{f(Y )} ∈ S . Hence f(Y)∈Y. Contradiction!

Errata Suppose that X doesn’t have any maximal element. ∀A ∈ ω, ∃f(A) s.t. ∀a ∈ A, a < f(A).

3.4 Filter

3.4.0.1 Def Let X be a set. We call filter of X any F ⊆ P(X) that satisfies

1. F ̸= ∅, ∅ /∈ F .

2. ∀A ∈ F , ∀B ∈ P(X), if A ⊆ B, then B ∈ F .

3. ∀(A,B) ∈ F × F , A
⋂
B ∈ F .
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3.4.0.2 Example

1. Let Y ⊆ X, Y ̸= ∅. FY := {A ∈ P(X) | Y ⊆ A} is a filter, called the principal filter of Y.

2. Let X be an infinite set. FFr(X) := {A ∈ P(X) | X\A is finite} is a filter, called the Frechet filter of X.

3. Let (X, τ) be a topological space, x ∈ X. We call neighborhood of x any V ∈ P(X) s.t.∃U ∈ τ , satisfying x ∈ U ⊆ V .
Then Vx = {neighborhoods of x} is a filter.

3.4.1 Filter Basis

Let X be a set, B ⊆ P(X). If ∅ /∈ B and ∀(B1, B2) ∈ B2, ∃B ∈ B, s.t. B ⊆ B1

⋂
B2, we say that B is a filter basis.

3.4.2 Generating Filter

If B is a filter basis, then F(B) := {A ⊆ X | ∃B ∈ B, B ⊆ A} is a filter.

3.4.2.1 Proof ∅ /∈ F(B), F(B) ̸= ∅ since ∅ ̸= B ⊆ F(B). If A ∈ F(B), A′ ∈ P(x) s.t. A ⊆ A′, then ∃B ∈ B s.t.
B ⊆ A ⊆ A′, hence A′ ∈ F(B).

If A1 and A2 are elements of F(B), then ∃(B1, B2) ∈ B2, s.t. B1 ⊆ A1, B2 ⊆ A2. Since B is a filter basis, ∃B ∈ B s.t.
B ⊆ B1

⋂
B2 ⊆ A1

⋂
A2. Hence A1

⋂
A2. Hence A1

⋂
A2 ∈ F(B).

3.4.3 Neighborhood

V ∈ P(X) is called a neighborhood of x if ∃U ∈ J s.t. x ∈ U ⊆ V .

3.4.4 Neighborhood Basis

Bx is a neighborhood basis of x iff

1. Bx ⊆ Vx.

2. ∀V ∈ Vx, ∃U ∈ Bx s.t. U ⊆ V .

3. Let (X,d) be a metric space, x ∈ X. ∀ε > 0, let

{
B(x, ε) = {y ∈ X | d(x, y) < ε}
B(x, ε) = {y ∈ X | d(x, y) ≤ ε}

.

Then {B(x, ε) | ε > 0}, {B(x, 1
n ) | n ∈ N≥1}, {B(x, ε) | ε > 0}, {B(x, 1

n ) | n ∈ N≥1} is a neighborhood basis of x.

For example, Vx
⋂
τ is a neighborhood basis of x.

1. Let Y ⊆ X, Y ̸= ∅. B = {Y } is a filter basis.

2. Let (X, τ) be a topological space, x ∈ X. If Bx is a filter basis s.t. F(Bx) = Vx = {neighborhood of x}. Then we say
that Bx is a neighborhood basis of x.

3.4.4.1 Remark of a Generating Method Let (X, τ) be a topological space, x ∈ X and Bx a neighborhood basis of
x. Suppose that Bx is countable. We choose a surjective mapping (Bn)n∈N from N to Bx.

For any n ∈ N, let An = B0

⋂
B1

⋂
· · ·
⋂
Bn ∈ Vx. The sequence (An)n∈N is decreasing and {An | n ∈ N} is a

neighborhood basis of x.

3.4.4.2 Prop Let Y and E be sets, g : Y → E be a mapping.

1. If F is a filter of Y , then

g∗(F) := {A ∈ P(E) : g−1(A) ∈ F}

is a filter on E.

2. If B is a filter basis of Y , then

g(B) := {g(B) : B ∈ B}

is a filter basis of E

3.

F(g(B)) = g∗(F(B)) = {A ⊂ E : ∃B ∈ B, g−1(A) ⊃ B}.
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3.4.4.3 Proof

1. E ∈ g∗(F) since g−1(E) = Y . ∅ /∈ g∗(F) since g−1(∅) = ∅.
If A ∈ g∗(F) and A′ ⊃ A, then g−1(A′) ⊃ g−1(A) ∈ F , so g−1(A′) ∈ F . Hence A′ ∈ g∗(F).
If A1 and A2 are element of g8(F). Then g−1(A1) ∈ F , g−1(A2) ∈ F . Hence g−1(A1 ∩A2) = g−1(A1) ∩ g−1(A2) ∈ F .
So A1 ∩A2 ∈ g∗(F).

2. Since g is a mapping, and ∅ /∈ B, we get ∅ /∈ g(B). Since B ̸= ∅, g(B) ̸= ∅.
Let B1 and B2 be elements of B. There exists C ∈ B s.t. C ⊂ B1 ∩ B2. Hence g(C) ⊂ g(B1) ∩ g(B2), namely g(B
is a filter basis.

3. g(B) ⊆ A iff B ⊆ g−1(A).

3.5 Limit Point and Accumulation Point

We fix a topological space (X, τ).

3.5.1 Def

Let F be a filter of X and x ∈ X.

1. If Vx ⊆ F , then we say that x is a limit point of F .

2. If ∀(A, V ) ∈ F × Vx, A
⋂
V ̸= ∅, we say that x is an accumulation point of F .

3.5.1.1 Prop Let B be a filter basis of X, x ∈ X, Bx a neighborhood basis of x. Then x is an accumulation point of
F(B) iff ∀(B,U) ∈ B × Bx, B

⋃
U ̸= ∅.

3.5.1.2 Proof Since B ⊆ F(B), Bx ⊆ Vx, the necessity is true.
Sufficiency : Let (A,V)∈ F(B)× Vx. There exist B ∈ B, U ∈ Bx, s.t. B ⊆ A, U ⊆ V . Hence ∅ ≠ B

⋂
U ⊆ A

⋃
V .

3.5.2 Closure

3.5.2.1 Def Let Y ⊆ X, Y ̸= ∅. We call accumulation point of Y any accumulation point of the principal filter

FY = {A ⊆ X | Y ⊆ A}. We denote by Y = {accumulation points of Y }. Note that x ∈ Y iff ∀U ∈ Bx, Y
⋂
U ̸= ∅. By

convention ∅ := ∅. And we call it closure.

3.5.2.2 Prop Let Y ⊆ X. Then Y is the smallest closed subset of X containing Y.

3.5.2.3 Proof ∀x ∈ X\Y ,there exists Ux ∈ Vx
⋂
τ s.t. Y

⋂
Ux = ∅.

Moreover, ∀y ∈ Ux, Ux ∈ Vy
⋂
τ . This shows that ∀y ∈ Ux, y /∈ Y . Therefore X\Y =

⋃
x∈X\Y Ux ∈ τ .

Let Z ⊆ X be a closed subset that contains Y. Supposed that ∃y ∈ Y \Z.
Then U=X\Z ∈ Vy

⋂
τ and U

⋂
Y ⊆ U

⋂
Z = ∅. So y /∈ Y . Contradiction! Hence Y ⊆ Z.

3.6 Limits of Mappings

3.6.1 Limit of Filter

Let (E,τE) be a topological space, f : Y → E be a mapping, and F be a filter of Y. If a ∈ E is a limit point of f∗(F ),
namely, ∀ neighborhood V of a, f−1(V ) ∈ F , then we say that a is a limit of the filter F by f.

3.6.1.1 Remark Let (E, τE) be a topological space. f : Y → E be a mapping, and F be a filter of Y . If a ∈ E, is a
limit point of f∗(F) = {A ∈ E|f−1(A) ∈ F}, namely, for any neighborhood V of a, f−1(V ) ∈ F , then we say that a is a
limit of the filter F by f .

3.6.1.2 Remark Let Ba be a neighborhood basis of a. Then Va ⊆ f∗(F) iff Ba ⊆ f∗(F).
Therefore, a is a limit of F iff for any B ∈ Ba, f

−1(B) ∈ F .

3.6.2 Convergent of a Mapping

Let (E, τ) be a topological space. I ⊆ N be an infinite subset, x = (xn)n∈I ∈ EI . If the Frechet filter FFr(I) has a limit
a ∈ E by the mapping x : I → E. We say that (xn)n∈I converges to a, denote as a = lim

n∈I,n→+∞
xn.
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3.6.2.1 Remark a = lim
n∈I,n→+∞

xn iff for any B ∈ Ba, there exists N ∈ N, s.t. xn ∈ B for any n ∈ N≥N .

Suppose that τE is induced a metric d.
{B(x, ε)|ε > 0}, {B(x, 1

n )|n ∈ N>0}, {B(x, ε)|ε > 0} and {B(x, 1
n )|n ∈ N>0} are all neighborhood basis of a.

Therefore, the following are equivalent:

• a = lim
n∈I,n→+∞

xn

• ∀ε > 0, ∃N ∈ N, ∀n ∈ I≥N , d(xn, a) < ε

• ∀ε > 0, ∃N ∈ N, ∀n ∈ I≥N , d(xn, a) ≤ ε

• ∀k ∈ N≥1, ∃N ∈ N, ∀n ∈ N≥N , d(xn, a) <
1
k

• ∀k ∈ N≥1, ∃N ∈ N, ∀n ∈ N≥N , d(xn, a) ≤ 1
k

3.6.2.2 Remark We consider the metric d on R defined as ∀(x, y) ∈ R× R, d(x, y) := |x− y|.
The topology of R defined by this metric is called the usual topology on R.

3.6.2.3 Theorem Let (xn)n∈I ∈ RI , when I ⊆ N is an infinite subset. Let l ∈ R, the following statements are equivalent.

1. The sequence (xn)n∈I converges to l in the topological space R.

2. lim sup
n∈I,n→+∞

xn = lim inf
n∈I,n→+∞

xn = l.

3. lim sup
n∈I,n→+∞

|xn − l| = 0.

3.6.2.4 A More Powerful Version Let (X, d) be a metric space, let I ⊆ N be an infinite subset and (xn)n∈I ∈ XI .
Let l ∈ X, the following statements are equivalent.

1. lim
n∈I,n→+∞

xn = l.

2. lim sup
n∈I,n→+∞

d(xn, l) = 0.

3.6.2.5 Proof (1) → (2). The condition (1) is equivalent to for any ε > 0, ∃N ∈ N, ∀n ∈ I≥N , d(xn, l) < ε, hence
sup

n∈I≥N

d(xn, l) ≤ ε, therefore, lim sup
n∈I,n→+∞

d(xn, l) ≤ ε, we then obtain lim sup
n∈I,n→+∞

d(xn, l) = 0.

(2) → (1). If inf
N∈N

sup
n∈I≥N

d(xn, l) = 0, for any ε > 0, there exists N ∈ N, s.t. sup
i∈I≥N

d(xn, l) < ε. Hence ∀n ∈ I≥N ,

d(xn, l) < ε, since ε is arbitrary, (1) is proved.

3.6.2.6 Prop Let (X, τ) be a topological space. Y ⊆ X, p ∈ Y \Y . Then Vp,Y = {V
⋂
Y |V ∈ Vp} is a filter of Y .

3.6.2.7 Proof Y is not empty, since otherwise Y = ∅.

X
⋂
Y = Y ∈ Vp,Y and ∅ /∈ Vp,Y since p ∈ Y .

Let V ∈ Vp and W ⊆ Y , s.t. V
⋂
Y ⊆W . Let U = V

⋃
(W\(V

⋂
Y )) ∈ Vp, and U

⋂
Y =W , hence W ∈ Vp,Y .

Let (V1, V2) ∈ V 2
p , (V1

⋂
Y )
⋂
(V2

⋂
Y ) = (V1

⋂
V2)

⋂
Y ∈ Vp,Y .

3.6.3 Limit of Mappings

Let (X, τx) and (E, τE) be topological spaces, Y ⊆ X, p ∈ Y \Y , and f : Y → E be a mapping. If a is a limit point of
f∗(Vp,Y ), then we say that a is a limit of f , when the variable y ∈ Y tends to p, denoted as a = lim

y∈Y,y→p
f(p).

3.6.3.1 Remark If Ba is a neighborhood basis of a, then a = lim
y∈Y,y→p

f(y) is equivalent to for any U ∈ Ba, there exists

V ∈ Vp, s.t. V
⋂
Y ⊆ f−1(U) ( f(V

⋂
Y ) ⊆ U).

3.6.3.2 Theorem Let (X, τX) and (E, τE) be topological spaces. Y ⊆ X, p ∈ Y \Y , a ∈ E. We consider the following
conditions.

(i) a = lim
y∈Y,y→p

f(y).

(ii) For any (yn)n∈N ∈ Y N, if lim
n→+∞

yn = p, then lim
n→+∞

f(yn) = a.

The following statements are true:

• If (i) holds, then (ii) also holds.

• If p has a countable neighborhood basis, then (i) and (ii) are equivalent.
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3.6.3.3 Proof

1. For any U ∈ Vp, ∃N ∈ N, s.t. ∀n ∈ N≥N , yn ∈ U
⋂
Y . Therefore, Vp,Y ⊆ y∗(FFr(N)). We then get f∗(Vp,Y ) ⊆

f∗(y∗(FFr(N))) = (f◦y)∗(FFr(N)). (In fact, f∗(y∗(FFr(N))) = {F ⊆ E|f−1(F ) ⊆ y∗(FFr(N))} = {F ⊆ E|y−1(f−1(F )) ⊆
FFr(N)} = {F ⊆ E|(f ◦ y)−1(F )) ⊆ FFr(N)} = (f ◦ y)∗(FFr(N)))
Condition (i) leads Va ⊆ f∗(Vp,Y ) ⊆ (f ◦ y)∗(FFr(N)).

2. Assume that p has a countable neighborhood basis, there exists a decreasing sequence (Vn)n∈N ∈ V N
p , s.t. {Vn|n ∈ N}

forms a neighborhood basis of p.

3.7 Continuity

3.7.0.1 Def Let (X, τX) and (Y, τY ) be topological spaces, f be a function from X to Y , x ∈ Dom(f). If, for any
neighborhood U of f(x), there exists a neighborhood V of x s.t. f(V ) ⊂ U , then we say that f is continuous at x. If f is
continuous at any x ∈ Dom(f), then we say that f is continuous.

3.7.0.2 Prop If f(x) and g(x) are continuous at x0, then f(x)± g(x), f(x)g(x) are also continuous at x0.

3.7.0.3 Remark

• Let Bf(x) be a neighborhood basis of f(x). If, ∀U ∈ Bf(x) there exists V ∈ Vx s.t. f(V ) ⊂ U . Then we say that f is
continuous at x.

• We couldn’t write V ⊂ f−1(U) or ”f−1(U) is open” since f may not be a mapping.

• Suppose that X and Y are metric spaces. Then f is continuous at x iff

∀ε > 0,∃δ > 0, s.t. ∀y ∈ Dom(f), d(y, x) < δ implies d(f(y), f(x)) < ε.

3.7.0.4 Prop of Transitivity Let (X, τX), (Y, τY ) and (Z, τZ) be topological spaces, f be a function from X to Y , g be
a function from Y to Z. Let x ∈ Dom(g ◦ f). If f is continuous at x and g is continuous at f(x), then g ◦ f is continuous at
x.

3.7.0.5 Proof Let U ∈ Vg(f(x)). Since g is continuous at f(x), ∃W ∈ Vf(x), g(W ) ⊂ U . Since f is continuous at x,
∃V ∈ Vx, f(V ) ⊂W . Therefore, g(f(V )) ⊂ f(W ) ⊂ U . Hence g ◦ f is continuous at x.

3.7.0.6 Theorem Let (X, τx), (Y, τY ) be topological spaces, f be a function from X to Y . Consider the following
conditions

1. f is continuous at x.

2. ∀(xn)n∈N ∈ Dom(f)N, if limn→+∞ xn = x, then limn→+∞ f(xn) = f(x).

Then (i) implies (ii). Moreover, if x has a countable neighborhood basis, then (i) and (ii) are equivalent.

3.7.0.7 Proof (i)→(ii). Let (xn)n∈N converges to x. For any U ∈ Vf(x),∃V ∈ Vx, f(V ) ⊂ U . Since limn→+∞ xn = x,
there exists N ∈ N s.t. ∀n ∈ N≥N , xn ∈ V . Hence ∀n ∈ N≥N , f(xn) ∈ f(V ) ⊂ U . Thus limn→+∞ f(xn) = f(x).
(ii)→(i). Under the hypothesis that x has countable neighbourhood basis. Actually we will prove NOT(i) → NOT(ii).
Let (Vn)n∈N be a decreasing sequence in Vx s.t. {Vn : n ∈ N} forms a neighborhood basis of x. If (i) does not hold, then
∃U ∈ Vf(x),∀n ∈ N, f(Vn) ̸⊂ U . Pick xn ∈ Vn s.t. f(xn) /∈ U . ∀N ∈ N,∀n ∈ N≥N , xn ∈ VN . Hence (xn)n∈N converges to x.
However, f(xn) /∈ U for any n. So (f(xn))n∈N does not converges to f(x). Therefore, (ii) does not hold.

3.7.1 Topology Basis

Let (X, τ) be a topological space, B ⊂ τ . If any element of τ can br written as the union of a family of sets in B, we say
that B is a topological basis of τ .

3.7.1.1 Prop Let (X, τ) be topological spaces, B ⊂ τ . B is a topological basis iff ∀x ∈ X,Bx := {V ∈ B : x ∈ V } is a
neighborhood basis of x.

3.7.1.2 Proof ”→”. ∀x ∈ X,Bx ⊂ Vx. Moreover, ∀U ∈ Vx,∃V ∈ τ, x ∈ V ⊂ U . Since B is a topological basis of
τ,∃W ∈ B, x ∈W ⊂ V ⊂ U . Hence Vx is generated by Bx.
”⇐”. Let U ∈ τ . ∀x ∈ U,U ∈ Vx. So ∃Vx ∈ Bx, x ∈ Vx ⊂ U . Hence U ⊂

⋃
x∈U Vx ⊂ U . Hence U =

⋃
x∈U Vx.

3.7.1.3 Lemma Let (X, τ) be a topological space, V ∈ P(X). Then V ∈ τ iff ∀x ∈ V , V is a neighborhood of x.
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3.7.1.4 Proof ”→” follows by Def.
”⇐”. ∀x ∈ V,∃Ex ∈ τ, x ∈Wx ⊂ V . Hence V =

⋃
x∈V Wx ∈ τ .

3.7.1.5 Prop Let (X, τX) and (Y, τY ) be topological spaces. BY be a topological basis of τY , f : X → Y be a mapping.
The following conditions are equivalent:

1. f is continuous.

2. ∀U ∈ τY , f
−1(U) ∈ τX .

3. ∀U ∈ BY , f
−1(U) ∈ τX .

3.7.1.6 Proof

1. (i)→(ii). Let U ∈ τY . ∀x ∈ f−1(U), f(x) ∈ U . Hence U ∈ Vf(x). Hence, there exists an open neighborhood W of x s.t.
f(W ) ⊂ U . Since f is a mapping, W ⊂ f−1(U). Therefore, f−1(U) ∈ Vx. Since x is arbitrary, f−1(U) ∈ τX . (By the
lemma.)

2. (3)→(1). For any U ∈ BY s.t. f(x) ∈ U , f−1(U) is an open neighborhood of x, and f(f−1(U)) ⊂ U .

3.7.1.7 Def Let X be a set, and let ((Yi, τi))i∈I be a family of topological spaces. For any i ∈ I, let fi : X → Yi be a
mapping. We call initial topology of (fi)i∈I on X the smallest topology on X making all fi continuous.

3.7.1.8 Remark If τ is the initial topology of (fi)i∈I . ∀i ∈ I ∀Ui ∈ τi, f
−1
i (Ui) ∈ τ .

If τ ⊆ I is a finite subset, (Uj)j∈J ∈ Πj∈Jτj , then
⋂
j∈J f

−1
j (Uj) ∈ J .

3.7.1.9 Prop

B :=

⋂
j∈J

f−1
j (Uj) : J ⊂ I finite, (Uj)j∈J ∈

∏
j∈J

τj


is a topology basis of the initial topology τ .

3.7.1.10 Proof First, B ⊂ τ .
Let τ{subset V of X that can be written as the union of a family of sets in B}.

• ϕ ∈ τ ′. X ∈ B ⊂ τ ′.

• τ ′ is stable by taking the union of any family of elements in τ ′.

• If V1 and V2 are elements of τ ′. Then V1 ∩ V2 ∈ τ ′. In fact, V1 and V2 are of the form of the union of some sets of B.
The intersection of two elements of B is still an element of B⋂

j∈J
f−1
j (Uj)

 ∩

⋂
j∈J′

f−1
j (U ′

j)

 =
⋃

j∈J
⋃
J

f−1
j (Wj)

=

 ⋂
j∈J\J′

f−1
j (Uj)

 ∩

 ⋂
j∈J∩J′

f−1
j (Uj) ∩ f−1

j (U ′
j)

 ∩

 ⋂
j∈J′\J

f−1
j (U ′

j)


where

Wj =


Uj , j ∈ J\J ′

U ′
j , j ∈ J ′\J

Uj ∩ U ′
j , j ∈ J ∩ J ′.

.

So τ ′ is a topology making all fi continuous. Hence

τ ⊂ τ ′ ⊂ τ → τ ′ = τ.

3.7.1.11 Example Let ((Yi, τi))i∈I be topological spaces, Y =
∏
i∈I Yi and πi : Y → Yi be the projection mapping. The

product topology on Y is by Def the initial topology of (πi)i∈I .

3.7.1.12 Theorem Let X be a set, ((Yi, τi))i∈I be a family of topological spaces, ((fi : X → Yi))i∈I be a family of
mappings, and we equip X with the initial topology τX of (fi)i∈I . Let (Z, τZ) be a topological space and h : Z → X be a
mapping. Then h is continuous iff ∀i ∈ I, fi ◦ h is continuous.
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3.7.1.13 Proof ”→”. If h is continuous. Since each fi is continuous, fi ◦ h is also continuous.

”⇐”. Suppose that ∀i ∈ I, fi ◦ h is continuous. Hence, ∀Ui ∈ τi, (fi ◦ h)−1(Ui) = h−1(f−1
i (Ui)) ∈ τZ . Let

B =

⋂
j∈J

f−1
j (Uj) : J ⊂ I finite, (Uj)j∈J ∈

∏
j∈J

τj

 .

∀U :=
⋂
j∈J f

−1
j (Uj) ∈ B, h−1(U) =

⋂
j∈J h

−1(f−1
j (Jj)) ∈ τZ . Therefore, h is continuous.

3.7.1.14 Remark We keep the notation of the Def of initial topology. If ∀i ∈ I,Bi is a topological basis of τi, then

B :=

⋂
j∈J

f−1
j (Uj) : J ⊂ I finite, (Uj)j∈J ∈

∏
j∈J

Bj


is also a topological basis of the initial topology.

3.7.1.15 Example Let ((Xi, di))
n
1 be a family of metric spaces, X =

∏n
i=1Xi. We define a mapping

d : X ×X −→ R≥0(
(xi)

n
1 , (yi)

n
1

)
7−→ max

i∈[n]
di(xi, yi).

d is a metric on X: If x = (xi)
n
1 , y = (yi)

n
1 , z = (zi)

n
1 , then

d(x, z = max
i∈[n]

di(xi, zi) ≤ max
i∈[n]

(di(xi, yi) + d(yi, zi))

≤ d(x, y) + d(y, z).

Each
πi : X → Xi

(xj)
n
1 7→ xi

is continuous. Hence the product topology τ is contained in τd.

Let x = (xi)
n
1 ∈ X, ε > 0.

B(x, ε) =

{
y = (yi)

n
1 : max

i∈[n]
di(xi, yi) < ε

}
=

n∏
i=1

B(xi, ε) =

n⋂
i=1

π−1
i (B(xi, ε)) ∈ τ.

Hence τd = τ .

3.8 Uniform Continuity and Convergence

3.8.1 Diameter

Let (X, d) be a metric space. ∀A ⊂ X not empty, we define diam(A) := sup(x,y)∈A2 d(x, y), called the diameter of A. If
A = ϕ, by convention diam(A) := 0. If diam(A) < +∞, we say that A is bounded.

3.8.1.1 Example d̄(x, y) = min{|x− y|, 1} and d̄(x, y) = |x−y|
1+|x−y| are both bounded metrics.

3.8.1.2 Remark

• If A is a finite, then it’s bounded.

• If A ⊂ B, then diam(A) ≤ diam(B).

3.8.1.3 Prop Let (X, d) be a metric space, A ⊂ X,B ⊂ X, (x0, y0) ∈ A×B. Then diam(A
⋃
B) ≤ diam(A)+d(x0, y0)+

diam(B). In particular, if A and B are bounded, then A
⋃
B is bounded.

3.8.1.4 Proof Let (x, y) ∈ (A
⋃
B)2. If {x, y} ⊂ A, then d(x, y) ≤ diam(A). If {x, y} ⊂ B, then diam(B) ≥ d(x, y).

If x ∈ A, y ∈ B, then d(x, y) ≤ d(x, x0) + d(x0, y0) + d(y0, y) ≤ diam(A) + d(x0, y0) + diam(B). Similarly when x ∈ B, y ∈ A.

3.8.1.5 Example diam(B(x, r)) ≤ 2r. If (y, z) ∈ B(x, r), then d(y, z) ≤ d(y, x) + d(x, z) ≤ r + r = 2r.

3.8.2 Cauchy Sequence

Let (X, d) be a metric space, I ⊂ N be an infinite subset, (xn)n∈I ∈ XI . If

∀ε > 0,∃N ∈ N,diam
(
{xn : n ∈ I≥N}

)
≤ ε,

then we say that (xn)n∈I is a Cauchy sequence.
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3.8.2.1 Prop

1. If (xn)n∈I converges, then it is a Cauchy sequence.

2. If (xn)n∈I is a Cauchy sequences, {xn : n ∈ I} is bounded.

3. Suppose that (xn)n∈I is a Cauchy sequence. If there exists an infinite subset J of I s.t. (xn)n∈J converges to some
x ∈ X, then (xn)n∈I converges to x.

3.8.2.2 Proof

1. Let l be the limit of (xn)n∈I . ∀ε > 0,∃N ∈ N s.t. {xn : n ∈ I≥N} ⊂ B(l, ε/2). Hence diam({xn : n ∈ I≥N}) ≤ ε.

2. ∃N ∈ N s.t. diam({xn : n ∈ I≥N}) ≤ 1. Hence diam({xn : n ∈ I}) is finite, since {xn : n ∈ I} = {xn : n ∈
I<N}(finite)

⋃
{xn : n ∈ I≥N}(bounded).

3. Let ε > 0,∃N ∈ N,diam({xn : n ∈ I≥N}) ≤ ε/2.
Take n0 ∈ J≥N⊂I≥N

.

∀n ∈ I≥N , d(xn, x) ≤ d(xn, xn0
) + d(xn0

, x) ≤ ε

2
+
ε

2
= ε.

Hence (xn)n∈I converges to x.

3.8.3 Uniformly Continuous

Let (X, dX) and (Y, dY ) be metric spaces, f be a function from X to Y . If ∀ε > 0,∃δ > 0 s.t.

∀(x, y) ∈ (Dom(f))2, d(x, y) ≤ δ implies d(f(x), f(y)) ≤ ε,

namely
inf
δ>0

sup
d(x,y)≤δ

d(f(x), f(y)) = 0,

we say f is uniformly continuous.

3.8.3.1 Prop Let (X, dX) and (Y, dY ) be metric spaces, f be a function from X to Y which is uniformly continuous.

1. If I ⊂ N is infinite, and (xn)n∈I is a Cauchy sequence in Dom(f)I . Then (f(xn))n∈I is a Cauchy sequence.

2. f is continuous.

3.8.3.2 Proof

1. ∀ε > 0,∃δ > 0 s.t. ∀(x, y) ∈ Dom(f)2, dX(x, y) ≤ δ → dY (f(x), f(y)) ≤ ε. Since (xn)n∈I is a Cauchy sequence, ∃N ∈ N
s.t. ∀(n,m) ∈ I2≥N , dX(xn, xm) ≤ δ. Hence dY (f(xn), f(xm)) ≤ ε. Therefore (f(xn))n∈I is a Cauchy sequence.

2. Let (xn)n∈N be a sequence in Dom(f)N that converges to x ∈ Dom(f). We define (yn)n∈N as

yn =

{
x, 2∥idn
xn/2, 2 | n.

Then (yn)nN converges to x.
Hence (yn)n∈N is a Cauchy sequence. Since f is uniformly continuous, (f(yn))n∈N is a Cauchy sequence in Y .
(f(yn))n∈N,n is odd = (f(x))n∈N,n is odd converges to f(x).
This leads to limn→+∞ f(xn) = f(x). Hence f is continuous at x.

3.8.4 Convergence

Let X be a set, Z ⊂ X, (Y, d) be a metric space, I ⊂ N infinite, (fn)n∈I and f be functions from X to Y , having Z as
their common domain of Def.

1. If ∀x ∈ Z, (fn(x))n∈I converges to f(x), we say that (fn)n∈I converges pointwisely to f .

2. If limn→+∞ supx∈Z d(fn(x), f(x)) = 0, we say that (fn)n∈I converges uniformly to f .

3.8.4.1 Theorem Let X and Y be metric spaces, Z ⊂ X, I ⊂ N infinite. (fn)n∈I and f be function from X to Y ,
having Z as domain of Def. Suppose that

1. (fn)n∈I converges uniformly to f .

2. each fn ins uniformly continuous.

Then f is uniformly continuous.
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3.8.4.2 Notation fn = xn, f = ⊮{1}.

3.8.4.3 Proof For n ∈ I, let An = supx∈Z d(fn(x), f(x)), limAn = 0. ∀(x, y) ∈ Z2,∀n ∈ I,

d(f(x), f(y)) ≤ d(f(x), fn(x)) + d(fn(x), fn(y)) + d(fn(y), d(y)) ≤ 2An + d(fn(x), fn(y)),

inf
δ>0

sup
d(x,y)≤δ

d(f(x), f(y)) ≤ 2An + inf
δ>0

sup
d(x,y)≤δ

d(fn(x), fn(y)) = 0. (because fn is uniformly continuous.)

Hence 0 ≤ infδ>0 supd(x,y)≤δ d(fn(x), fn(y)) ≤ 2An. Take limn→+∞, by Squeeze Theorem, we get infδ>0 supd(x,y)≤δ d(f(x), f(y)) =
0.

3.8.4.4 Theorem Let X be a topological space, Y be a metric space, Z ⊂ X,P ∈ Z. Let (fn)n∈I , f functions form X
to Y , having Z as domain of Def. Suppose that

1. (fn)n∈I converges uniformly to f .

2. each fn is continuous at P .

Then f is continuous at P .

3.8.4.5 Proof ∀n ∈ I, let An = supx∈Z d(fn(x), f(x)). ∀ε,∃n ∈ I, An ≤ ε
3 . Since fn is continuous, ∃U ∈ Vp, fn(U) ⊂

B(fn(P ),
ε
3 ).

∀x ∈ U ∩ Z, f(U) ⊂ B(f(P ), ε), d(f(x), f(P )) ≤ d(f(x), fn(x)) + d(fn(x), fn(P )) + d(fn(P ), f(P )) ≤
ε

3
+
ε

3
+
ε

3
= ε.

3.8.5 Epsilon-Lipschitzian

In the study of metric spaces, an isometry is a function f : X → Y between metric spaces X and Y that preserves
distances exactly, i.e., for all x, y ∈ X, we have dY (f(x), f(y)) = dX(x, y).

Isometries play a crucial role in understanding the structure of metric spaces, as they identify spaces that are ”essentially
the same” in terms of their metric properties.

When an isometry f is also bijective, it is called an isometric isomorphism, and the metric spaces X and Y are said to
be isometrically isomorphic. Such maps allow for perfect preservation of the metric structure.

However, in many contexts, exact preservation of distances is too restrictive. Instead, we may allow the distances between
points to be distorted by a controlled factor. This leads to the concept of an ε-Lipschitzian function.

Let X and Y be metric spaces, f be a function from X to Y , ε > 0. If ∀x, y, d(f(x), f(y)) ≤ εd(x, y), then we say that f
is ε-Lipschitzian.

If ∃ε > 0 s.t. f is ε-Lipschitzian, we say that f is Lipschitzian.

3.8.5.1 Remark If f is Lipschitzian, then it is uniformly continuous.

3.8.5.2 Example

1. Let ((Xi, di))i∈I be metric spaces, X
∏
iXi where i ∈ I finite. d : X×X → R≥0, d((xi)i∈I , (yi)i∈I) = maxi∈I di(xi, yi)).

Then πi : X → Xi is Lipschitzian. di(xi, yi) = di(πi(x), πi(y)) ≤ d(x, y).

2. Let (X, d) be a metric space, d : X ×X → R≥0 is Lipschitzian.

|d(x, y)− d(x′, y′)| ≤ 2max{d(x, x′), d(y, y′)}.



Chapter 4

Normed Vector Space

4.1 Linear Algebra

Let K be a unitary ring.

4.1.1 Induced Morphism

Let M be a left K-module, and let x = (xi)i∈I be a family of elements of M .

We define a morphism of left K-module as follows:

φx : K⊕I →M, (ai)i∈I 7→
∑
i∈I

aixi

Let M be a left K-module , I be a set, x = (xi)i∈I ∈M I .

If φx is injective, then we say that (xi)i∈I is K-linear independent.

If this mapping is surjective, then we say that (xi)i∈I is a system of generators.

If this mapping is a bijection, then we say that (xi)i∈I is a basis of M .

4.1.1.1 Example Let ei be the element (δi,j)j∈I where δi,j =

{
1, if j = i

0, if j ̸= i
, then the family e = (ei)i∈I ∈ (K⊕I)I is a

basis of K⊕I . (In this example M = K⊕I).

4.1.1.2 Proof φe((ai)i∈I) =
∑
i∈I

aiei = (ai)i∈I , so φe = IdK⊕I is a bijection.

Here ei should be considered as a mapping from I to K that sends j ∈ I to δi,j .

4.1.1.3 Remark Let I = {1, 2, ..., n}, x = (xi)i∈I ∈Mn, where n ∈ N.

• x is linearly independent iff ∀(a1, ..., an) ∈ Kn, a1x1 + ...+ anxn = 0 implies a1 = a2 = ... = an = 0

• x is a system of generators iff any elements of M can be written in the form b1x1 + ...+ bnxn, (b1, ..., bn) ∈ Kn. Such
expression is called a K-linear combination of (x1, ..., xn).

4.1.2 Free K-Module and Finite Type

Let M be a left K-module.

If M has a basis, we say that M is a free K-module.

If M has a finite system of generators, then we say that M is of finite type.

4.1.2.1 Notation (xi)
n
i=1 denotes (xi)i∈{1,...,n}.

4.1.3 Supplemented Submodule Theorem

Let K be a unitary ring and V be a left K-module. W be a left sub K-module of V . Let (xi)
n
i=1 be an element of Wn.

(αj)
l
j=1 ∈ (V/W )l, where (n, l) ∈ N2. For any j ∈ {1, . . . , l}, let xn+j be an element in the equivalence class αj .

If both (xi)
n
i=1 and (αj)

l
j=1 are linearly independent/system of generators/basis, then (xi)

n+j
i=1 is also linearly indepen-

dent/system of generators/basis.

39
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4.1.3.1 Proof

1. Linearly independent: Let π : V → V/W x 7→ [x] be the projection morphism. Suppose that (bi)
n+l
i=1 s.t.

n+l∑
i=1

bixi =

0. Then 0 = π(
n+l∑
i=1

bixi) =
n+l∑
i=1

biπ(xi) =
l∑

j=1

bn+jαj .

Since (αj)
l
j=1 is linearly independent, bn+1 = · · · = bn+l = 0; since (xi)

n
i=1 is linearly independent. b1 = · · · = bn = 0.

2. System of generators: Let y ∈ W , then π(y) ∈ V/W . So there exists (cn+1, . . . , cn=l) ∈ Kl, s.t. [y] = cn+1αn+1 +
..+ cn+1αn+l = π(cn+1xn+1 + ..+ cn+lxn+l).

Hence y − (cn+1xn+1 + .. + cn+lxn+l) ∈ W , which means ∃(c1, . . . , cn) ∈ Kn, s.t. y − (cn+1xn+1 + .. + cn+lxn+l) =

c1x1 + ..+ cnxn. Therefore, y =
n+l∑
i=1

cixi.

3. Basis: Combine the two proofs above.

4.1.4 Steinitz Exchange Theorem

Let K be a division ring (any element of K\{0} is invertible). Let V be a left K-module of finite type, and (xi)i∈{1,...,n}
be a system of generators of V . Then there exists a subset I of {1, . . . , n} s.t. (xi)i∈I forms a basis of V .

4.1.4.1 Proof (By induction on n) If n = 0, then V = {0}. In this case ∅ is a basis of V . φ∅ : K∅ → V .
Induction hypothesis: True for a system of generators of n− 1 elements.
Let (xi)i∈{1,...,n} be a system of generators of V . If (xi)i∈{1,...,n} is linearly independent, then it is a basis.
Otherwise, ∃(a1, . . . , an) ∈ Kn, s.t. (a1, . . . , an) ̸= (0, . . . , 0) and a1x1 + ... + anxn = 0. Not loss generality, we suppose

an ̸= 0, then xn = −a−1
n (a1x1 + ..+ an−1xn−1).

Since (xi)i∈{1,...,n} is a system of generator, any elements of V can be written as b1x1+ ..+ bnxn = b1x1+ ..+ bn−1xn−1−
bna

−1
n (a1x1 + ..+ an−1xn−1) = (b1 − bna

−1
n a1)x1 + ..+ (bn−1 − bna

−1
n an−1)xn−1

Thus (xi)i∈{1,...,n−1} forms a system of generators. By the induction hypothesis, there exists I ⊆ {1, . . . , n − 1} s.t.
(xi)i∈I forms a basis of V .

4.1.4.2 Corollary Let K be a division ring and V be a left K-module of finite type. If (xi)
n
i=1 is a linearly independent

family of elements of V (n ∈ N), then there exists l ∈ N and (xn+j)
l
j=1 ∈ V l, s.t. (xi)

n+l
i=1 forms a basis of V .

4.1.4.3 Proof Let W be the image of φ(xi)ni=1
: Kn → V , (ai)

n
i=1 7→

n∑
i=1

aixi. It is a left sub K-module of V .

Note that (xi)
n
i=1 forms a basis of W .

Moreover, since V is of finite type, there exists d ∈ N and a surjective morphism of left K-modules. ψ : Kd → V . Since
the projection morphism π : V → V/W is surjective, the composite morphism Kd → V → V/W is surjective. Thus V/W is
of finite type. There exists a basis (αj)

l
j=1 of V/W .

4.1.5 Rank/Dimension of a Left K-module

Let K be a division ring and V be a left K-module of finite type. We call rank of V the minimal number of elements of
its basis, denoted as rkK(V ) or simply rk(V ).

If K is a field(commutative division ring), rk(V ) is also denoted as dim(V ) or dimK(V ), called the dimension of V .

4.1.5.1 Theorem Let K be a division ring and V be a left K-module of finite type. Let W be a left sub K-module of V .

1. W and V/W are both of finite type, and rk(V ) = rk(W ) + rk(V/W ).

2. Any basis of V has exactly rk(V ) elements.

4.1.5.2 Proof Let (xi)
n
i=1 be a basis of V , let π be the projection mapping.

1. In (π(xi))
n
i=1 we extract a basis of V/W , say (π(xi))

l
i=1. For j ∈ {l + 1, . . . , n}, ∃(bj,1, . . . , bj,l) ∈ Kl s.t. π(xj) =

l∑
i=1

bj,iπ(xi).

Let yj = xj −
l∑
i=1

bj,ixi ∈ W , π(yj) = 0. For any x ∈ W , ∃(ai)ni=1 ∈ Kn, x =
n∑
i=1

aixi =
l∑
i=1

aixi +
n∑

j=l+1

aj(yj +

l∑
i=1

bj,ixi) =
n∑

j=l+1

ajyj +
l∑
i=1

(ai +
n∑

j=l+1

ajbj,i)xi.

Since π(x) =
l∑
i=1

(ai+
n∑

j=l+1

ajbj,i)π(xi) = 0. So ∀i ∈ {1, . . . , n}, ai+
n∑

j=l+1

ajbj,i = 0. Hence x =
n∑

i=l+1

ajyj . HenceW is

of finite type, and rk(V ) ≥ rk(W )+ rk(V/W ). Moreover, the previous theorem shows that rk(V ) ≤ rk(W )+ rk(V/W ).
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2. We reason by induction on rk(V ).

If rk(V ) = 0, in this case V = {0}. Since {0} is not a system of generators, the only basis of V is ∅. So the statement
holds.

Suppose that there exists e ∈ V \{0} s.t. V = {λe|λ ∈ K}.

Then any basis of V is of the form (ae)i∈{1} where a ∈ K\{0}.

For all λ ∈ V , there exists (λa−1) ∈ K s.t. (λa−1)ae = λe. Hence, rk(V ) = 1.

Let (ei)
m
i=1 be a basis of V . We reason by induction on m to prove that m = rk(V ). The cases where m = 0 or m = 1

have been proved respectively.

Induction hypothesis: True for a basis of fewer than m elements.

Let W = {λe1|λ ∈ K}. Let π be the projection mapping. Then (π(ei))
m
i=2 forms a system of generators of V/W .

If (ai)
m
i=2 ∈ Km−1 s.t.

m∑
i=2

aiπ(ei) = 0, then
m∑
i=2

aiei ∈W . Hence there exists ai ∈ K s.t.
m∑
i=1

aiei−a1e1 = 0. Therefore,

a1 = · · · = am = 0. Thus, (π(ei))
m
i=2 is a basis of V/W .

By the induction hypothesis, rk(V ) = m− 1 + 1 = m.

4.1.5.3 Prop If U,V are two left K-modules, f : U → V is an isomorphism. Then rk(U)=rk(V).

4.1.5.4 Proof Let n=rk(U), m=rk(V). Since there exists f : Kn → U and g : Km → V which are isomorphism, U ∼= V ,
so Kn ∼= Km, let f : Kn → Km be the isomorphism. Since dimKn = dimKm + dimKer(f) = dimKm, so n=m.

4.1.5.5 Prop Let K be a unitary ring and f : E → F be a morphism of left K-modules. Let I be a set, and let

x = (xi)i∈I ∈ EI .

1. If (xi)i∈I is linearly independent and f is injective, then (f(ei))i∈I is linearly independent.

2. If (xi)i∈I is a system of generators and f is surjective, then (f(ei))i∈I is a system of generators.

3. If (xi)i∈I is a basis and f is a bijection, then (f(ei))i∈I is a basis.

4.1.5.6 Proof φ(f(ei))i∈I
= f ◦ φ(ei)i∈I

.

4.2 Matrix

We fix a unitary ring K.

4.2.1 Column

Let n ∈ N and V be a left K-module. For any (xi)
n
i=1 ∈ V n, we denote by


x1
x2
...
xn

 the morphism φ(xi)ni=1
: Kn → V .

4.2.1.1 Example Suppose that V = Kp(p ∈ N). Then each xi ∈ Kp is of the form (xi,1, xi,2, . . . , xi,p). Hence


x1
x2
...
xn



can be written


a11 a12 · · · a1p
a21 a22 · · · a2p
...

...
. . .

...
an1 an2 · · · anp

.

4.2.2 Matrix

Let (n, p) ∈ N2. We call n by p matrix of coefficient in K any morphism of left K-module form Kn to Kp.
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4.2.2.1 Example Denote by In the identity mapping Kn → Kn. Then (ei)
n
i=1 is a basis of Kn called the canonical basis

of Kn.

φ(ei)ni=1
= IdKn =


e1
e2
...
en

 =


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1


Here, let ei follows the previous Def.

4.2.2.2 Example Let (x1, . . . , xn) ∈ Kn. Denote by diag(x1, . . . , xn) : K
n → Kn, (a1, . . . , an) 7→ (a1x1, . . . , anxn).

It looks like: diag(x1, . . . , xn) =


x1e1
x2e2
...

xnen

 =


x1 0 · · · 0
0 x2 · · · 0
...

...
. . .

...
0 0 · · · xn


4.2.3 Composition Laws on the Matrices

We denote byMn,p(K) the set of all n by pmatrices of coefficient inK. For (n, p, r) ∈ N3, We defineMn,p(K)×Mp,r(K) →
Mn,r(K), (A,B) 7→ AB := B ◦A.

4.2.3.1 Example Let V be a left K-module Let n ∈ N and x = (x1, . . . , xn) ∈ V n.

Consider a matrix A =


a1,1 · · · a1,n
a2,1 · · · a2,n
...

. . .
...

ap,1 · · · ap,n

 ∈Mp,n(K).

A is a morphism of left K-module from Kp to Kn.

A

x1...
xn

 is defined as φx ◦A : Kp → Kn → V .

Let (b1, ..., bp) ∈ Kp, A((b1, ..., bp)) =
p∑
i=1

bi(ai,1, . . . , ai,n).

φx(A(b1, ..., bp)) = φx(
p∑
i=1

bi(ai,1, . . . , ai,n)) =
p∑
i=1

biφx((ai,1, ..., ai,n)) =
p∑
i=1

bi
n∑
j=1

ai,jxj .

So A

x1...
xn

 =


n∑
j=1

a1,jxj

...
n∑
j=1

ap,jxj

.

Let B =


b1,1 b1,2 · · · b1,r
b2,1 b2,2 · · · b2,r
...

...
. . .

...
bn,1 bn,2 · · · bn,r

 : Kn → Kr;

AB =


a1,1 · · · a1,n
a2,1 · · · a2,n
...

. . .
...

ap,1 · · · ap,n



b1,1 b1,2 · · · b1,r
b2,1 b2,2 · · · b2,r
...

...
. . .

...
bn,1 bn,2 · · · bn,r

 =


n∑
i=1

a1,i(bi,1, . . . , bi,r)

...
n∑
i=1

ap,i(bi,1, . . . , bi,r)



=


n∑
i=1

a1,ibi,1
n∑
i=1

a1,ibi,2 · · ·
n∑
i=1

a1,ibi,r

...
...

. . .
...

n∑
i=1

ap,ibi,1
n∑
i=1

ap,ibi,2 · · ·
n∑
i=1

ap,ibi,r

 ∈Mp,r(K)

The coefficient at jth line and the kth column of AB is given by
n∑
i=1

aj,ibi,k.

A matrix is in L (Kn,Km), and we can write
∂f1
∂x1

(p) · · · ∂fm
∂x1

(p)
...

. . .
...

∂f1
∂xn

(p) · · · ∂fm
∂xn

(p)


to denote the differential of f at p.
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4.3 Block Matrix

Matrix computation is a relatively complex operation. To simplify these operations, we introduce block matrices and
their operations. Please note that block matrices and their operations are not new types of operations, but a simplified form
of matrix operations.

What is a block matrix? Simply put, a block matrix is one where a matrix is divided into smaller matrices along rows
and columns. A matrix formed this way is called a ”block matrix.” For example, let:

A =

1 2 −1 0
2 5 0 −2
3 −1 1 3


be a block matrix. If we write

A11 =

(
1 2
2 5

)
, A12 =

(
−1 0
0 −2

)
, A21 =

(
3 1
−1 1

)
, A22 =

(
−1 3

)
,

then matrix A can be written as:

A =

(
A11 A12

A21 A22

)
.

This is a block matrix with 4 submatrices.
In general, for an m× n matrix A, if we first divide it into r blocks along rows and then into s blocks along columns, we

obtain a block matrix of size r × s. It is represented as:

A =


A11 A12 · · · A1s

A21 A22 · · · A2s

...
...

. . .
...

Ar1 Ar2 · · · Ars

 .

Note that Aij represents the submatrix at the (i, j) position of A. A is also referred to as a block matrix A = (Aij), with
the condition that these are block matrices.

4.3.1 Composition Laws

The addition, and scalar multiplication of block matrices are trivial.

4.3.1.1 Block Matrix Multiplication Block matrix multiplication is similar to standard matrix multiplication but
with additional considerations when dealing with blocks between matrices. For block matrices, the operation must satisfy
certain conditions to ensure validity. Let A = (Aij)r×s and B = (Bij)s×t be two block matrices (note: the number of
columns of A equals the number of rows of B). We then define:

A =


A11 A12 · · · A1s

A21 A22 · · · A2s

...
...

. . .
...

Ar1 Ar2 · · · Ars

 , B =


B11 B12 · · · B1t

B21 B22 · · · B2t

...
...

. . .
...

Bs1 Bs2 · · · Bst

 .

The above block matrices satisfy the following conditions: For matrix A, the block at position (1,1), denoted A11, has
the row size m1 and column size n1, the block at position (1,2), denoted A12, has row size m2 and column size n2, and so
on. Similarly, for matrix B, the block at position (i,j), denoted Bij , has row size ni and column size lj . This type of block
matrix multiplication ensures the validity of the product of block matrices A and B.

If the product C = A ·B is:

C =


C11 C12 · · · C1t

C21 C22 · · · C2t

...
...

. . .
...

Cr1 Cr2 · · · Crt

 ,

then each block Cij is a matrix of size mi × lj and is computed as:

Cij = Ai1B1j +Ai2B2j + · · ·+AisBsj .

4.3.2 Determinant

4.3.2.1 Lemma Let A and C be matrices of dimensions m × n. Then, the block matrix determinant for the following
block structure is:

|G| =
∣∣∣∣A B
O C

∣∣∣∣ = |A| · |C|, H =

∣∣∣∣A O
B C

∣∣∣∣ = |A| · |C|.
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4.3.2.2 Block Elementary Transformations Block elementary transformations are similar to ordinary elementary
transformations and include three types:

1. Interchange two block rows or two block columns of a block matrix.

2. Multiply a block row of a block matrix by an invertible matrix on the left, or multiply a block column by an invertible
matrix on the right.

3. Multiply a block row of a block matrix by a matrix on the left and add it to another block row, or multiply a block
column by a matrix on the right and add it to another block column.

4.3.2.3 Theorem Let A be an m ×m invertible matrix, D be an n × n matrix, B be an m × n matrix, and C be an
n×m matrix, then ∣∣∣∣ A B

C D

∣∣∣∣ = |A||D − CA−1B|.

If D is invertible (at this time A is not necessarily invertible), then∣∣∣∣ A B
C D

∣∣∣∣ = |D||A−BD−1C|.

4.3.2.4 Proof Using the third type of block elementary transformation, multiply the first block row by −CA−1 and add
it to the second block row to obtain (

A B
C D

)
→
(
A B
O D − CA−1B

)
.

The third type of block elementary transformation does not change the value of the determinant, from which the conclusion
can be drawn. Another conclusion can be similarly proved.

4.3.2.5 Remark When both A and D are invertible matrices, we get the equation

|D||A−BD−1C| = |A||D − CA−1B|.

This equation is called the determinant reduction formula. Because when the orders of D and A are not equal, it can be
used to reduce the calculation of high-order determinants to the calculation of low-order determinants.

4.4 Transpose

We fix a unitary ring K.

4.4.1 Dual of a Left K-Module

Let E be a left K-module. Denote by E∨ := {morphisms of left K-modules from E to K}.
∀(f, g) ∈ E∨, let f + g : E → K, x 7→ f(x) + g(x). (E∨,+) forms a commutative group.
We define K × E∨ → E∨ (a, f) 7→ fa ◦ f , where fa is defined as: E∨ 7→ E∨ x 7→ xa. ∀x ∈ E, λ ∈ K, (fa)(λx) =

f(λx)a = λf(x)a = λ(fa)(x). This mapping defines a structure of right K-module on E∨.

4.4.2 Dual of a Morphism of Left K-Modules

Let E and F be two left K-modules, φ : E → F be a morphism of left K-modules. We denote by φ∨ : F∨ → E∨ the
morphism of right K-modules sending g ∈ F∨ to g ◦φ ∈ E∨. Actually ∀a ∈ K, g ∈ F∨, fa(φ

∨(g)) = fa ◦g ◦φ = (fa ◦g)◦φ =
φ∨(ga).

4.4.2.1 Example Suppose that E = Kn, F = Kp.

φ =

b1,1 · · · b1,p
...

. . .
...

bn,1 · · · bn,p

. Which sends (a1, ..., an) ∈ Kn to (
n∑
i=1

aibi,1, ...,
n∑
i=1

aibi,p).

Let g ∈ F∨, thus g : Kp → K. g is of the form


y1
y2
...
yp

 , yi ∈ K. g ◦ φ sends (a1, ..., an) to
p∑
j=1

(
n∑
i=1

aibi,j)yj .

g ◦ φ = φg =



p∑
j=1

b1,jyj

p∑
j=1

b2,jyj

...
p∑
j=1

bn,jyj


.
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4.4.3 Transpose

Assume that K is commutative. We denote by ιp : (Kp)∨ → Kp,

x1...
xp

 7→ (x1, ..., xp). This is an isomorphism of

K-module.

For any morphism of K-modules, φ : Kn → Kp, we denote by φτ the morphism of K-modules Kp → Kn given by
ιn ◦ φ∨ ◦ ι−1

p .

(Kp)∨ (Kn)∨

Kp Kn

ιp

φ∨

ϕτ

ιn

φτ is called the transpose of φ.

Let (y1, ..., yp) ∈ Kp, ι−1
p ((y1, ..., yp)) =

y1...
yp

.

φ∨(

y1...
yp

) =

y1...
yp

 ◦ φ =

b11 · · · b1p
...

...
bn1 · · · bnp


y1...
yp

 =


p∑
i=1

b1,iyi

...
p∑
i=1

bn,iyi



ιn(


p∑
i=1

b1,iyi

...
p∑
i=1

bn,iyi

) = (
p∑
i=1

b1,iyi, ...,
p∑
i=1

bn,iyi) = y1(b1,1, b2,1, ..., bn,1) + y2(b1,2, ..., bn,2) + ...+ yp(b1,p, ..., bn,p).

Therefore, φτ =


(b1,1, . . . , bn,1)
(b1,2, . . . , bn,2)

...
(b1,p, . . . , bn,p)

 =

b11 · · · bn1
...

...
b1p · · · bnp

 ∈Mp,n(K).

4.4.3.1 Prop Let E, F and G be left K-modules. φ : E → F and ψ : F → G be morphisms of left K-modules. Then
(ψ ◦ φ)∨ = φ∨ ◦ ψ∨.

4.4.3.2 Proof ∀f ∈ G∨, (φ∨ ◦ ψ∨)(f) = φ∨(ψ∨(f)) = φ∨(f ◦ ψ) = f ◦ ψ ◦ φ = f ◦ (ψ ◦ φ) = (ψ ◦ φ)∨(f).

4.4.3.3 Corollary Assume K is commutative. Let n, p, q be natural numbers. A ∈ Mn,p(K), B ∈ Mp,q(K). Then
(AB)τ = BτAτ .

4.4.3.4 Proof BτAτ = Aτ ◦Bτ = ιn ◦A∨ ◦ ι−1
p ◦ ιp ◦B∨ ◦ ι−1

q = ιn ◦ (B ◦A)∨ ◦ ι−1
q = ιn ◦ (AB)∨ ◦ ι−1

q = (AB)τ .

4.4.3.5 Remark

1. For A ∈Mn,p(K), one has (Aτ )τ = A.

2. We have a mapping E → (E∨)∨, x 7→ ((f ∈ E∨) 7→ f(x)). This is a K-linear mapping.

If K is a field and E is of finite dimension, this is an isomorphism of K-modules.

In fact, if e = (ei)
n
i=1 is a basis of E over K. For i ∈ {1, ..., n}, let e∨i : E → K, λ1e1 + ...+ λnen 7→ λi. e

∨ = (e∨i )
n
i=1 is

called the dual basis of e. (e∨)∨ gives a basis of (E∨)∨. Hence E → E∨ is an isomorphism.

4.5 Linear Equations

We fix a unitary ring K.
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4.5.1 (Reduced) Row Echelon

For a = (a1, . . . , an) ∈ Kn\{(0, . . . , 0)}. Denote by j(a) the first index j ∈ {1, ..., n} s.t. aj ̸= 0.

Let (n, p) ∈ N2, A ∈Mn,p(K), We write A as a column A =

a
(1)

...
a(n)

, a(i) = (a
(i)
1 , . . . , a

(i)
p ) ∈ Kp.

We say that A is of row echelon form if, ∀i ∈ {1, . . . , n− 1}, one of the following conditions is satisfied:

• a(i+1) = (0, . . . , 0);

• a(i) and a(i+1) are both non-zero, and j(a(i)) < j(a(i+1)).

If in addition the following condition is satisfied: ∀i ∈ {1, . . . , n}, if a(i) ̸= (0, . . . , 0), then a
(i)

j(a(i))
= 1 and ∀s ∈ {1, . . . , i−1}

a
(s)
j(ai) = 0, we say that A is of reduced row echelon form.

4.5.1.1 Prop Suppose that A =

a
(1)

...
a(n)

 ∈Mn,p(K) is of row echelon form. Then {i ∈ {1, . . . , n}|a(i) ̸= (0, . . . , 0)} is of

cardinal ≤ p.

4.5.1.2 Proof Let k = Card{i ∈ {1, . . . , n}|a(i) ̸= (0, . . . , 0)}, a(k+1) = .. = a(n) = (0, . . . , 0) and j(a(1)) < j(a(2)) < .. <

j(a(k)). Hence {1, . . . , k} → {1, . . . , p} is injective, so k ≤ p.

4.5.1.3 Def Let A =

a11 · · · a1p
...

...
an1 · · · anp

 ∈Mn,p(K).

Let V be a left K-module and (b1, . . . , bn) ∈ V n.

We consider the equation A

x1...
xp

 =

b1...
bn

 (*), which can also be written as


a1,1x1 + ..+ a1,pxp = b1

· · ·
an,1x1 + ..+ an,pxp = bn

The set of (x1, . . . , xp) ∈ V p that satisfies (*) is called the solution set of (*).

4.5.1.4 Prop Suppose that A is of reduced row echelon form.

Let I(A) = {i ∈ {1, . . . , n}|(ai,1, . . . , ai,p) ̸= (0, . . . , 0)}, J0(A) = {1, . . . , p}\{j((ai,1, . . . , ai,p))|i ∈ I(A)}.

1. If ∃i ∈ {1, . . . , n}\I(A) s.t. bi ̸= 0 then (∗) does not have any solution in V p.

2. Suppose that ∀i ∈ {1, . . . , n}\I(A), bi = 0. Then (∗) has at least one solution.

Moreover, V J0(A) → V p, (zk)k∈J0(A) 7→ (x1, . . . , xp) with xj =

zj j ∈ J0(A)

bi −
∑

l∈J0(A)

ai,lzl, j ∈ j((ai,1, . . . , ai,p)), i ∈ I(A)

is an injective mapping, whose image is equal to the set of solution of (∗).

4.5.1.5 Proof

1. Trivial.

2. Tedious and complex.

4.5.1.6 Prop Let m ∈ N and S ∈Mm,n(K).

If (x1, . . . , xp) ∈ V p is a solution of (∗) : A

x1...
xp

 =

b1...
bn

,

then (x1, . . . , xp) is a solution of (∗)S : (SA)

x1...
xp

 = S

b1...
bn

.

In the case where S is left invertible, namely there exists R ∈Mn,m(K) s.t. RS = In ∈Mn,n(K). Then (∗) abd (∗)S has
the same solution set.
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4.5.1.7 Example 1 Let σ : {1, . . . , n} → {1, . . . , n} be a bijection. Let Pσ ∈ Mn,n(K), Pσ : Kn → Kn, (λ1, . . . , λn) 7→
(λσ−1(1), . . . , λσ−1(n)).

Pσ−1Pσ = Pσ ◦ Pσ−1 = In.

Let W be a left K-module, (y1, . . . , yn) ∈Wn.

Pσ

y1...
yn

 =

y1...
yn

 ◦ Pσ : Kn → Kn → W , (λ1, . . . , λn) 7→ (λσ−1(1), . . . , λσ−1(n)) 7→ λσ−1(1)y1 + .. + λσ−1(n)yn =

λ1yσ(1) + ..+ λnyσ(n).

Pσ

y1...
yn

 =

yσ(1)...
yσ(n)

, Pσ = PσIn = Pσ

e1...
en

 =

eσ(1)...
eσ(n)

.

4.5.1.8 Example 2 Let (r1, . . . , rn) ∈ Kn, suppose that each ri is left invertible and si ∈ K, s.t. siri = 1.

diag(r1, . . . , rn) : K
n → Kn, (λ1, . . . , λn) 7→ (λ1r1, . . . , λnrn), diag(s1, . . . , sn)diag(r1, . . . , rn) : (λ1, . . . , λn) 7→ (λ1s1, . . . , λnsn) 7→

(λ1s1r1, . . . , λnsnrn) = (λ1, . . . , λn).

diag(r1, . . . , rn)

y1...
yn

 =

y1...
yn

 ◦ diag(r1, . . . , rn) : Kn →W , (λ1, . . . , λn) 7→ (λ1r1, . . . , λnrn) 7→ λ1r1y1 + ..+ λnrnyn.

diag(r1, . . . , rn)

y1...
yn

 =

r1y1...
rnyn

, diag(r1, . . . , rn)In =

r1e1...
rnen

.

4.5.1.9 Example 3 Let i ∈ {1, . . . , n}, c = (c1, . . . , cn) ∈ Kn, ci = 0, Si,c ∈Mn,n(K).

Si,c : K
n → Kn, (λ1, . . . , λn) 7→ (λ1, . . . , λi−1, λi +

n∑
j=1

λjcj , λi+1, . . . , λn).

Since ci = 0, Si,−cSi,c = In, Si,c

y1...
yn

 =

y1...
yn

 ◦ Si,c : Kn →W .

(λ1, . . . , λn) 7→ (λ1, . . . , λi+
n∑
j=1

λjcj , . . . , λn) 7→ λ1y1+ ...+(λi+
n∑
j=1

λjcj)yi+ ...+λnyn = λ1(y1+ c1yi)+λ2(y2+ c2yi)+

...+ yi + ...+ λn(yn + cnyi).

Si,c



y1
...
yi
...
yn

 =



y1 + c1yi
...
yi
...

yn + cnyi

.

Si,cIn =



1 0 · · · c1 · · · 0
0 1 · · · c2 · · · 0
...

...
. . .

...
...

0 0 · · · 1 · · · 0
...

...
...

. . .
...

0 0 · · · cn · · · 1


.

4.5.1.10 Def Let Gn(K) be the set of S ∈Mn,n(K) that can be written as U1...UN (by convention, S = In when N = 0),
where each Ui is of one of the following forms.

1. Pσ where σ ∈ Sn = {bijections from n to n}.

2. diag(r1, . . . , rn) where each ri ∈ K is left K-module.

3. Si,c with i ∈ {1, . . . , n}, c = (c1, . . . , cn) ∈ Kn, ci = 0.

Let p ∈ N, we say that A ∈Mn,p(K) is reducible by Gauss elimination if ∃S ∈ GN (K), s.t. SA is of reduced row echelon
form.

4.5.1.11 Theorem Assume that K is a division ring. ∀(n, p) ∈ N2, any A ∈Mn,p(K) is reduced by Gauss elimination.
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4.5.1.12 Proof (by induction)
The case when n = 0 or p = 0 is trivial.

We assume n ≥ 1, p ≥ 1. We write A as

λ1... B
λn

, λi ∈ K, B ∈Mn,p−1(K).

If λ1 = ... = λn = 0, applying the induction hypothesis to B.

(For S ∈ Gn(K), SA =

S
λ1...
λn

 SB

 =


0
...
0

 SB

).

Suppose that (λ1, . . . , λn) ̸= (0, . . . , 0), by permuting the rows, we may assume λ1 ̸= 0. As K is a division ring, by
multiplying the first low λ−1

1 , we may assume λ1 = 1.

We add (−λi) times the first row to the ith row, to reduce A to the form


1 µ2 · · · µp
0
... C
0

. C ∈ Mn−1,p−1(K),

(µ2, µ3, . . . , µp) ∈ Kp−1.

Applying the induction hypothesis to C, we may assume that C is of reduced row echelon form

c2...
cn

.

For i ∈ {2, . . . , k}, we add −µj(ci) times the ith row of A to the first line to obtain a matrix of reduced row echelon.

4.6 Normed Vector Space

4.6.1 Cauchy Sequence

Let (X, d) be a metric space. If (xn)n∈N is an element of XN s.t. lim
N→+∞

sup
(n,m)∈N2

≥N

d(xn, xm) = 0, we say the (xn)n∈N is

a Cauchy sequence. If any Cauchy sequence in X converges, then we say (X, d) is complete.
Let Cau(X, d) be the set of all Cauchy sequence in X. We define an equivalence relation ∼ on Cau(X, d) as (xn)n∈N ∼

(yn)n∈N iff lim
n→+∞

d(xn, yn) = 0. Actually, lim
n→+∞

d(xn, xn) = 0; d(xn, yn) = d(yn, xn); If (xn)n∈N, (yn)n∈N and (zn)n∈N be

elements of Cau(X, d), 0 ≤ d(xn, zn) ≤ d(xn, yn) + d(yn, zn) ≤ 0 (Here I omit some ”lim” in convenience).

4.6.2 Completion

The completion of (X, d) is defined as X̂ := Cau(X, d)/ ∼.

4.6.2.1 Example k[[T ]] = ̂(K[T ], | · |T ).

4.6.2.2 Theorem The mapping d̂ : X̂ × X̂ → R≥0, ([x], [y]) 7→ lim
n→+∞

d(xn, yn) is well defined, and it is a metric on X̂.

4.6.2.3 Proof To check that d is well defined, it suffices to prove that ∀([x], [y]) ∈ X̂ × X̂, (d(xn, yn))n∈N is a Cauchy
sequence (since R is complete) and its limit does not depend on the choice of x and y. For N ∈ N and (n,m) ∈ N2

≥N ,
one has d(xn, yn) ≤ d(xn, xm) + d(xm, ym) + d(ym, yn), thus d(xn, yn) − d(xm, ym) ≤ d(xn, xm) + d(ym, yn), similarly,
d(xm, ym) − d(xn, yn) ≤ d(xn, xm) + d(ym, yn). Therefore, 0 ≤ sup

(n,m)∈N2
≥N

|d(xn, yn) − d(xm, ym)| ≤ sup
(n,m)∈N2

≥N

d(xn, xm) +

sup
(n,m)∈N2

≥N

d(yn, ym). Taking lim
N→+∞

, we obtain that (d(xn, yn))n∈N is a Cauchy sequence and hence converges in R.

If x′ = (x′n)n∈N ∈ [x], y′ ∈ [y], then lim
n→+∞

d(xn, x
′
n) = lim

n→+∞
d(yn, y

′
n) = 0, |d(xn, yn)−d(x′n, y′n)| ≤ d(xn, x

′
n)+d(yn, y

′
n),

taking lim
n→+∞

, we get lim
n→+∞

|d(xn, yn)− d(x′n, y
′
n)| = 0. So lim

n→+∞
d(xn, yn) = lim

n→+∞
d(x′n, y

′
n).

In the following, we check that d̂ is a metric.
d̂([x], [y]) = 0 iff [x] = [y]. If [x] = [y] it is trivial, if d̂([x], [y]) = 0, which actually means x ∼ y, thus [x] = [y].

Symmetry is trivial. If [x] [y] and [z] are elements of X̂. d([x], [z]) = lim
n→+∞

d(xn, zn) ≤ lim
n→+∞

d(xn, yn) + lim
n→+∞

d(yn, zn) =

d̂([x], [y]) + d̂([y], [z]).

4.6.2.4 Remark iX : X → X̂, a 7→ [(a, a, a, ...)]. d̂(iX(a), iX(b)) = d(a, b). In particular, iX is injective, if iX(a) = iX(b),
then d(a, b) = 0, hence a = b.

4.6.2.5 Prop iX is dense in X̂. (The closure of iX(X) in X̂ is equal to X̂).
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4.6.2.6 Proof Let [x] be an element of X̂. We claim that [x] = lim
n→+∞

iX(xn).

For anyN ∈ N, 0 ≤ d̂(iX(xN ), [x]) = lim
n→+∞

d(xN , xn) ≤ sup
(n,m)∈N2

≥N

d(xn, xm), taking lim
N→+∞

, we get lim
N→+∞

d̂(iX(xN ), [x]) =

0.

4.6.2.7 Theorem (X̂, d̂) is a complete metric space.

4.6.2.8 Proof Let ([x(N)])N∈N be a Cauchy sequence in X̂, where, for any N ∈ N, x(N) = (x
(N)
n )n∈N is a Cauchy sequence

in X.
∀ε > 0, ∃N0 ∈ N, s.t. ∀(k, l) ∈ N2

≥N0
, d̂([x(k)], [x(l)]) = lim

n→+∞
d(x

(k)
n , x

(l)
n ) ≤ ε.

∀N ∈ N, ∃α(N) ∈ N, d(x(N)
µ , x

(N)
v ) ≤ 1

N+1 for any (µ, v) ∈ N2
≥α(N).

Let yN = x
(N)
α(N) for any N ∈ N. Without loss of generality, we assume that α(0) < α(1) < . . . .

Let ε > 0. Take N0 ∈ N, s.t. d̂([x(k)], [x(l)]) < ε
3 , for any (k, l) ∈ N2

≥N0
and 1

N0+1 <
ε
3 .

Let (k, l) ∈ N2
≥N0

, d(yk, yl) = d(x
(k)
α(k), x

(l)
α(l)). α(k) ≥ N0.

∀n ∈ N≥N0
, d(yk, yl) ≤ d(x

(k)
α(k), x

(k)
n ) + d(x

(k)
n , x

(l)
n ) + d(x

(l)
n , x

(l)
α(l)) ≤

ε
3 + ε

3 + d(x
(k)
n , x

(l)
n )

Taking lim
n→+∞

, get d(yk, yl) ≤ ε. So y = (yN )N∈N is a Cauchy sequence.

Now we check that lim
N→+∞

d̂([x(N)], [y]) = 0:

0 ≤ d(x
(N)
n , yn) ≤ d(x

(N)
n , yN ) + d(yn, yN ), 0 ≤ lim sup

N→+∞
lim

n→+∞
d(x

(N)
n , yn) ≤ lim sup

N→+∞
( 1
N+1 + lim

n→+∞
d(yn, yN ))

= lim sup
N→+∞

lim
n→+∞

d(yn, yN ) = 0.

So lim
N→+∞

lim
n→+∞

d(x
(N)
n , yn) = 0.

4.6.2.9 Example Let (K, | · |) be a valued field. It has an absolute value. There is a metric space with d(a, b) := |a− b|,
then Cau(K) forms a commutative unitary ring:

• (an)n∈N ∼ (bn)n∈N iff lim
n→+∞

(an − bn) = 0.

• (an − bn)n∈N ∈ Cau0(K) = {Cauchy sequences that converges to 0}, which is an ideal of Cau(K).

Hence K̂ = Cau(K)/Cau0(K) is a quotient ring of Cau(K). Absolute value extends to K̂ : |[(an)n∈N]| = lim
n→+∞

|an| that
forms an absolute value.

4.7 Norms

Previously, we have defined absolute value | · | on field K.

4.7.1 Def of Semi-norms and Norms

4.7.1.1 Def Let V be a vector space over K. We call a semi-norm on V any mapping ∥ · ∥ : V → R≥0 s 7→ ∥s∥ s.t.

1. ∀(a, s) ∈ K × V , ∥as∥ = |a| · ∥s∥.

2. ∀(s, t) ∈ V × V , ∥s+ t∥ ≤ ∥s∥+ ∥t∥.

If in addition ∥ · ∥ satisfies ∀s ∈ V, ∥s∥ = 0 iff s=0, we say that ∥ · ∥ is a norm and (V, ∥ · ∥) is a normed vector space over
K.

4.7.1.2 Example

1. If we consider K as a vector space over K, then (K, | · |) forms a normed vector spaces over K.

2. Let (V1, ∥ · ∥1), . . . , (Vn, ∥ · ∥n) be vector spaces equipped with semi-norms. Let V = V1 ⊕ · · · ⊕ Vn = V1 × · · · × Vn.

∥ · ∥l∞ : V → R≥0 (x1, . . . , xn) 7→ maxi∈{1,...,n} ∥xi∥i, ∥ · ∥lp : V → R≥0 (x1, . . . , xn) 7→ (∥x1∥p1 + · · ·+ ∥xn∥pn)
1
p .

There are semi-norms. They are norms if ∥ · ∥1, . . . , ∥ · ∥n are all norms.

4.7.1.3 Def Let (V, ∥ · ∥) be a vector space over K equipped with a semi-norm, and W be a vector subspace of V.

1. The restriction of ∥ · ∥ : V → R≥0 to W forms a semi-norm on W. It is a norm if ∥ · ∥ is a norm. ∥ · ∥ :W → R≥0.

2. The mapping ∥ · ∥V/W : V/W → R≥0 α 7→ infs∈α ∥s∥.
Remark ∥[s]∥V/W = infw∈W ∥s+ w∥ is a semi-norm on V/W .

Warning Even if ∥ · ∥ is a norm, ∥ · ∥V/W might only be a semi-norm.
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4.7.1.4 Prop Let (V, ∥ · ∥) be a vector space over K, equipped with a semi-norm. Then N={s ∈ V | ∥s∥ = 0} forms a
vector subspace of V. Moreover, ∥ · ∥V/N is a norm.

4.7.1.5 Proof If (a, s) ∈ K × N , then ∥as∥ = |a| × ∥s∥ = 0, so as ∈ N . If (s1, s2) ∈ N × N , then 0 ≤ ∥s1 + s2∥ ≤
∥s1∥+ ∥s2∥ = 0, so s1 + s2 ∈ N . So we proved that N forms a vector subspace of V.

λ ∈ K, α ∈ V/N , ∥λα∥V/N = infS∈α ∥λs∥ = infs∈α |λ| × ∥s∥ = |λ| × ∥α∥V/N .

∥α+ β∥V/N = infS∈α+β ∥s∥ = inf(x,y)∈α×β ∥x+ y∥ ≤ inf(x,y)∈α×β(∥x∥+ ∥y∥) = ∥α∥V/N + ∥β∥V/N .

Let α ∈ V/N , s.t. ∥α∥V/N = 0 and we want to prove that α = [0].

Let s ∈ α. ∀t ∈ N , ∥s+t∥ ≤ ∥s∥+∥t∥ = ∥s∥ = ∥(s+t)+(−t)∥ ≤ ∥s+t∥+∥−t∥ = ∥s+t∥. ∥α∥V/N = inft∈N ∥s+t∥ = ∥s∥.
Hence ∥α∥V/N = ∥s∥ = 0. We obtain that α = N = [0].

4.7.1.6 Def Let (V, ∥ · ∥) be a vector space over K, equipped with a semi-norm. For any x ∈ V , and r ≥ 0, we denote by

B(x, r) the set {y ∈ V |∥y − x∥ < r}, B(x, r) the set {y ∈ V | ∥y − x∥ ≤ r}.

4.7.1.7 Remark If N = {s ∈ V |∥s∥ = 0}, then x+N ⊆ B(x, r), x+N ⊆ B(x, r), when r > 0.

∀s ∈ N , ∥(x+ s)− x∥ = 0 ≤ r, < r when r > 0.

We equip V with the topology s.t. ∀U ⊆ V , U is open iff ∀x ∈ U , ∃rx > 0, B(x, rx) ⊆ U .

4.7.1.8 Prop Let (V1, ∥ · ∥1) and (V2, ∥ · ∥2) be vector spaces over K, equipped with semi-norms. Let f : V1 → V2 be a
K-linear mapping.

1. If f is continuous, ∀s ∈ V1, if ∥s∥1 = 0, then ∥f(s)∥2 = 0.

2. If there exists C > 0 s.t. ∀x ∈ V1, ∥f(x)∥2 ≤ C∥x∥1, then f is continuous.

The inverse is true when (a) | · | is nontrivial or (b) V2/{y ∈ V2|∥y∥2 = 0} is of finite type.

4.7.1.9 Proof

1. Lemma: If (V, ∥ · ∥) is a vector space over K equipped with a semi-norm, then N∥·∥ := {s ∈ V |∥s∥ = 0} is closed.

Proof : Let s ∈ V \N∥·∥. Then ∥s∥ > 0. Let ε = ∥s∥
2 , ∀x ∈ B(s, ε), ∥x∥ ≥ |∥s∥ − ∥s − x∥| ≥ ∥s∥ − ε = ε > 0, so

B(s, ε) ⊆ V \N∥·∥.

f−1(N∥·∥2
) is closed. Note that 0 ∈ f−1(N∥·∥2

), {0} ⊆ f−1(N∥·∥2
).

x ∈ N∥·∥1
, s.t. ∀ε > 0, x+N∥·∥1

⊆ B(x, ε), therefore, x ∈ {0}.

2. Let (xn)n∈N be a sequence of V1 that converges to some x ∈ V1 (this means lim
n→+∞

∥xn − x∥1 = 0).

Hence lim sup
n→+∞

∥f(xn)− f(x)∥2 = lim sup
n→+∞

∥f(xn − x)∥2 ≤ lim sup
n→+∞

C∥xn − x∥1 = C lim sup
n→+∞

∥xn − x∥1 = 0.

So (f(xn))n∈N converges to f(x). Hence f is continuous at x.

Assume that | · | is non-trivial and f is continuous. Then f−1({y ∈ V2|∥y∥2 < 1}) is an open subset of V1 containing
0 ∈ V1.

So there exists ε > 0, s.t. {x ∈ V1|∥x∥1 < ε} ⊆ f−1({y ∈ V2|∥y∥2 < 1}), namely, ∀x ∈ V1, if ∥x∥1 < ε, then ∥f(x)∥2 < 1

Since | · | is nontrivial, ∃a ∈ K, ,0 < |a| < 1. We prove that ∀x ∈ V1, ∥f(x)∥2 ≤ 1
ε|a|∥x∥1.

If ∥x∥1 = 0, by (1) we obtain ∥f(x)∥2 = 0, ok.

Suppose that ∥x∥1 > 0, then ∃n ∈ Z, s.t. ∥anx∥1 = |a|n∥x∥1 < ε ≤ ∥an−1x∥1 = |a|n−1∥x∥1.

Thus |an|∥f(x)∥2 = ∥f(anx)∥2 < 1. Hence ∥f(x)∥2 < 1
|a|n = 1

|a|n−1 × 1
a ≤ 1

ε∥x∥1
1
|a| =

∥x∥1

ε|a| .

4.7.1.10 Def Let (V1, ∥ · ∥1) and (V2, ∥ · ∥2) be vector spaces over K equipped with semi-norm. We say that a K-linear
mapping is bounded if there exists C > 0, s.t, ∀x ∈ V1, ∥f(x)∥2 ≤ C∥x∥1.

For a general K-linear mapping f : V1 → V2 we define

∥f∥ :=

 sup
x∈V1∥x∥>0

(∥f(x)∥2

∥x∥1
) if f(N∥·∥1

) ⊆ N∥·∥2

+∞ if f(N∥·∥1
) ⊈ N∥·∥2

f is bounded iff ∥f∥ < +∞. ∥f∥ is called the operator semi-norm of f .

We denote by L (V1, V2) the set of all bounded K-linear mappings from V1 to V2.

4.7.1.11 Prop L (V1, V2) is a vector subspace of HomK(V1, V2). Moreover, ∥ · ∥ is a semi-norm on L (V1, V2).
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4.7.1.12 Proof Let f and g be elements of L (V1, V2).

∥f + g∥ = sup
x∈V1,∥x∥1 ̸=0

∥f(x)+g(x)∥2

∥x∥1
≤ sup

x∈V1,∥x∥1 ̸=0

∥f(x)∥2+∥g(x)∥2

∥x∥1
≤ sup

x∈V1,∥x∥1 ̸=0

∥f(x)∥2

∥x∥1
+ sup
x∈V1,∥x∥1 ̸=0

∥g(x)∥2

∥x∥1
= ∥f∥+ ∥g∥ <

+∞.
Hence f + g ∈ L (V1, V2).

Let λ ∈ K, λf : x 7→ λf(x), ∥λf∥ = sup
x∈V1,∥x∥1>0

∥λf(x)∥2

∥x∥1
= |λ|∥f(x)∥ < +∞.

Here I used the same method as in 4.6.1.5 Proof.

4.7.1.13 Remark If ∥ · ∥2 is a norm, then ∥ · ∥ is a norm.
In fact, let f ∈ L (V1, V2). Suppose that ∃x ∈ V1 s.t. f(x) ̸= 0. Since f(x) /∈ N∥·∥2

= {0}, we obtain ∥x∥1 ̸= 0 (4.6.1.8
Prop(2)).

Thus ∥f∥ ≥ ∥f(x)∥2

∥x∥1
> 0. Therefore, ∥ · ∥ is a norm.

4.7.2 Banach Space

4.7.2.1 Idea A Banach space B is both a vector space (over a normed field such as R) and a complete metric space, in
a compatible way. Hence a complete normed vector space.

A source of simple Banach spaces comes from considering a Cartesian space Rn (or Kn where K is the normed field)
with the norm:

∥(x1, . . . , xn)∥p :=

(
n∑
i=1

|xi|p
) 1

p

as we mentioned before.
However, the theory of these spaces is not much more complicated than that of finite-dimensional vector spaces because

they all have the same underlying topology. When we look at infinite-dimensional examples, however, things become trickier.
Common examples are Lebesgue spaces, Hilbert spaces, and sequence spaces.

In the literature, one most often sees Banach spaces over the field R of real numbers; Banach spaces over the field C of
complex numbers are not much different, since they are also over R. But people do study them over p-adic numbers too.

4.7.2.2 Def Let (V, ∥ · ∥) be a normed vector space. If V is complete with respect to the metric V × V → R≥0,
(x, y) 7→ ∥x− y∥, then we say that (V, ∥ · ∥) is a Banach space.

4.7.2.3 Theorem Let (V1, ∥ · ∥1) and (V2, ∥ · ∥2) be vector spaces over K, equipped with semi-norms. If (V2, ∥ · ∥2) is a
Banach space, then (L (V1, V2), ∥ · ∥) is a Banach space.

4.7.2.4 Proof Let (fn)n∈N be a Cauchy sequence in L (V1, V2) converges to g. ∀x ∈ V1, the mapping (f ∈ L (V1, V2)) 7→
f(x) is ∥x∥1-Lipschitz mapping. ∥f(x)− g(x)∥2 = ∥(f − g)(x)∥2 ≤ ∥f − g∥∥x∥1

So (fn(x))n∈N is a Cauchy sequence, that converges to some g(x) ∈ V2. Thus we obtain a mapping g : V1 → V2.
We want to prove that g is an element of L (V1, V2).
∀(x, y) ∈ V1 × V2, g(x+ y) = lim

n→+∞
fn(x+ y) = lim

n→+∞
fn(x) + lim

n→+∞
fn(y) = g(x) + g(y).

∥fn(x) + fn(y)− g(x)− g(y)∥ ≤ ∥fn(x)− g(x)∥+ ∥fn(y)− g(y)∥ = o(1) + o(1) = o(1), (n→ +∞)
∀x ∈ V1, ∀λ ∈ K, g(λx) = lim

n→+∞
fn(λx) = lim

n→+∞
λfn(x), ∥λfn(x)− λg(x)∥ = λ∥fn(x)− g(x)∥ = o(1), (n→ +∞)

So g(λx) = λg(x)
∀x ∈ V1, ∥g(x)∥ = lim

n→+∞
∥fn(x)∥ ≤ lim

n→+∞
∥fn∥∥x∥ (This is because ∀(a, b) ∈ V 2

2 , |∥a∥ − ∥b∥| ≤ ∥a− b∥)
Hence |∥fn(x)∥ − ∥g(x)∥| ≤ ∥fn(x)− g(x)∥ = o(1), g ∈ L (V1, V2)
∀ε > 0, ∃N ∈ N, ∀(n,m) ∈ N≥N , ∥fn−fm∥ ≤ ε, ∀x ∈ V1, ∥(fN−fm)(x)∥ ≤ ε∥x∥, take lim

m→+∞
, we get ∥(fn−g)(x)∥ ≤ ε∥x∥,

so ∥fn − g∥ ≤ ε, ∀n ∈ N, n ≥ N .
In fact, ∥fn(x)− g(x)∥ ≤ ∥fn(x)− fm(x)∥+ ∥fm(x)− g(x)∥ ≤ ε∥x∥+ ∥fm(x)− g(x)∥.

4.8 Differentiability

In this section, we fix a complete valued field (K, | · |). The absolute value is nontrivial.

4.8.1 Defs

4.8.1.1 Def Let X be a topological space and p ∈ X.
Let K be a complete value field and (E, ∥ · ∥) be a normed vector space over K.
Let f : X → E be a mapping and g : X → R≥0 be a non-negative mapping.
We say that f(x) = O(g(x)), x→ p, if there are a neighborhood V of p in X and a constant C > 0, s.t. ∥f(x)∥ ≤ Cg(x)

for any x ∈ V ; f(x) = o(g(x)), x → p if there exist a neighborhood V of p in X and a mapping ε : V → R≥0, s.t.
lim

x∈V,x→p
ε(x) = 0 and ∀x ∈ V , ∥f(x)∥ ≤ ε(x)g(x).

lim
x∈V,x→p

ε(x) means ∀δ > 0, ∃ open neighborhood U of p, U ⊆ V , and ∀x ∈ U , 0 ≤ ε(x) ≤ δ.
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4.8.1.2 Def Let E and F be normed vector space over K, U ⊆ E be an open subset, f : U → F be a mapping and
p ∈ U . If there exists φ ∈ L (E,F ), s.t. f(x) = f(p) + φ(x − p) + o(∥x − p∥), x → p. We say that f is differentiable at p,
and φ is the differential of f at p.

f(x) = f(p) + φ(x − p) + o(∥x − p∥), x → p means that there exists an open neighborhood V of p with V ⊆ U , and a
mapping ε : V → R≥0, s.t. lim

x→p
ε(x) = 0 and that ∥f(x)− f(p)− φ(x− p)∥ ≤ ε(x)∥x− p∥, ∀x ∈ V .

4.8.1.3 Prop If f is differentiable at p, then its differential at p is unique.

4.8.1.4 Proof Suppose that there exists φ and ψ in L (E,F ), s.t. f(x) = f(p) + φ(x − p) + o(∥x − p∥) and f(x) =
f(p) + ψ(x− p) + o(∥x− p∥)

(φ− ψ)(x− p) = o(∥x− p∥). ∃ε : V → R≥0. V neighborhood of p, V ⊆ U .

∥φ− ψ∥ = sup
y∈E\{0}

∥(φ−ψ)(y)∥
∥y∥ ≤ sup

y∈E\{0},∥y∥≤δ

∥(φ−ψ)(y)∥
∥y∥

λ ̸= 0, ∥(φ−ψ)(λy)∥
∥λy∥ = ∥(φ−ψ)(y)∥

∥y∥

Therefore, ∥φ− ψ∥ = inf
δ>0

sup
y∈E,0<∥y−p∥≤δ

∥(φ−ψ)(y−p)∥
∥y−p∥ ≤ inf

δ>0
sup

y∈E,0<∥y−p∥≤δ
ε(y) = lim sup

y→p
ε(y) = 0

Hence φ = ψ.

4.8.1.5 Def Suppose that f is differentiable at p. We denote by dpf the differential of f at p.

4.8.2 Zero Mapping

f : U → F , f(x) = y0. ∀x ∈ U , ∀p ∈ U , f(x)− f(p) = 0 = 0 + o(∥x− p∥). Hence dpf(x) = 0, ∀x ∈ E.

4.8.3 Linear Mapping

Let f ∈ L (E,F ). f(x)− f(p) = f(x− p), hence dpf = f .

4.8.4 Addition Mapping

A : E × E → E, (x, y) 7→ x + y. ∥(x, y)∥l1 = ∥x∥ + ∥y∥. ∥x + y∥ ≤ ∥x∥ + ∥y∥ = ∥(x, y)∥l1 ≤ 2∥(x, y)∥l∞ . ∀(p, q) ∈ E2,
d(p,q)A = A, d(p,q)A(x, y) = A(x, y) = x+ y.

4.8.5 Scalar Multiplication Mapping

m : K × E → E, (λ, x) 7→ λx. Let (a, p) ∈ K × E, λx − ap = λx − ax + ax − ap = (λ − a)x + a(x − p) =
(λ− a)p+ a(x− p) + (λ− a)(x− p). ∥(λ− a)(x− p)∥ = |λ− a|∥x− p∥ ≤ max{|λ− a|, ∥x− p∥}2 = o(max{|λ− a|, ∥x− p∥}).
When (λ, x) → (a, p), ∥(λ− a, x− p)∥l∞ → 0, the mapping ((µ, y) ∈ K ×E) 7→ µp+ ay ∈ E is a bounded K-linear mapping,
because (µ1 + µ2)p + a(y1 + y2) = (µ1p + ay1) + (µ2p + ay2), bµp + a(by) = b(µp + ay), ∥µp + ay∥ ≤ |µ|∥p∥ + |a|∥y∥ ≤
max{|µ|, ∥y∥}(|a|+∥p∥) = ∥(µ, y)∥l∞(|a|+∥p∥). Thus this mapping is an element of L (K×E,E). Hence m is differentiable,
and d(a,p)m(µ, y) = µp+ ay, ∀(µ, y) ∈ K × E, d(a,p)(m)(λ− a, x− p) = (λ− a)p+ a(x− p).

4.8.6 Theorem(Chain Rule Differentials)

Let E,F and G be three normed vector space, U ⊆ E, V ⊆ F be open subsets.
Let f : U → F and g : V → G be mappings s.t. f(U) ⊆ V . Let p ∈ U . Assume that f is differentiable at p and g is

differentiable at f(p). Then g ◦ f is differentiable at p and dp(g ◦ f) = df(p)g ◦ dpf .

4.8.6.1 Proof Let x ∈ U . By Def, f(x) = f(p)+dpf(x−p)+o(∥x−p∥), f(x)−f(p) = O(∥x−p∥). (g◦f)(x) = g(f(x)) =
g(f(p)) + df(p)g(f(x) − f(p)) + o(∥f(x) − f(p)∥) = g(f(p)) + df(p)g(f(x) − f(p)) + o(∥x − p∥) = g(f(p)) + df(p)g(dpf(x −
p) + o(∥x− p∥)) + o(∥x− p∥) = g(f(p)) + df(p)g(dpf(x− p)) + o(∥x− p∥)

So g ◦ f is differentiable at p, and d(g ◦ f) = df(p)g ◦ dpf .

4.8.6.2 Prop Let n be a positive integer, E,F1, · · · , Fn be normed vector spaces over K. U ⊆ E an open subset, p ∈ U .
For any i ∈ {1, · · · , n}, let fi : U → Fi be a mapping. Let f : U → F = F1 × · · · × Fn be the mapping that sends x ∈ U to
(f1(x), · · · , fn(x)). We equip F with the norm ∥ · ∥ defined as follows: ∥(y1, · · · , yn)∥ = max

i∈{1,··· ,n}
∥yi∥.

Then f is differentiable at p iff each fi is differentiable at p. Moreover, when this happens, one has ∀x ∈ E, dpf(x) =
(dpf1(x), · · · , dpfn(x)).

4.8.6.3 Proof Suppose ∀i ∈ {1, · · · , n}, fi is differentiable at p. f(x) − f(p) = (f1(x) − f1(p), · · · , fn(x) − fn(p)) =
(dpf1(x− p), · · · , dpfn(x− p)) + o(∥x− p∥)

Therefore, f is differentiable at p and dpf(·) = (dpf1(·), · · · , dpfn(·)).
πi : F → Fi, (x1, · · · , xn) 7→ xi is a bounded linear mapping. One has ∥πi∥ ≤ 1.
πi is then differentiable at f(p). Hence πi ◦ f = fi is differentiable at p.
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4.8.6.4 Def Let U be an open subset of K, and (F, ∥cd) be a normed vector space over K. If f : U → F is a mapping
that differentiable at some p ∈ U . We denote by f ′(p) the element dpf(1) ∈ F , called the derivative of f at p.

4.8.6.5 Corollary Let U and V be open subsets of K, (F, ∥cd) be a normed vector space, f : U → K and g : V → F be
mappings s.t. f(U) ⊆ V . Let p ∈ U . If f is differentiable at p and g is differentiable at f(p), then (g ◦ f)′(p) = f ′(p)g′(f(p)).

4.8.6.6 Proof By Def,
dp(g ◦ f)(1) = df(p)g(dp(f)(1)) = df(p)g(f

′(p)) = df(p)g(f
′(p)1) = f ′(p)df(p)g(1) = f ′(p)g(1) = f ′(p)g′(f(p)).

4.8.7 Corollary(Leibniz rule)

Let E and F be normed vector spaces over K, U ⊆ E an open subset, f : U → K and g : U → F be mappings, and
p ∈ U . If both f and g are differentiable at p, then fg : U → F , x 7→ f(x)g(x) is also differentiable at p, and ∀l ∈ E,
dp(fg)(l) = dpf(l)g(p) + f(p)dpg(l).

4.8.7.1 Proof Consider m : K×F → F , (a, y) 7→ ay. We have shown that m is differentiable, and d(a,y)m(b, z) = by+az
fg is the following composite, U → K × F → F , x 7→ (f(x), g(x)) 7→ f(x)g(x).
dp(fg)(l) = dp(m ◦ h)(l) = dh(p)m(dph(l)) = d(f(p),g(p))m(dpf(l), dpg(l)) = f(p)dpg(l) + dpf(l)g(p).

4.8.7.2 Corollary Let U be an open subset of K, f and g be mappings from U to K, and to a normed vector space F
respectively. If f and g are differentiable at p ∈ U , then

(fg)′(p) = f ′(p)g(p) + f(p)g′(p)

4.8.7.3 Proof (fg)′(p) = dp(fg)(1) = dpf(1)g(p) + f(p)dpg(1) = f ′(p)g(p) + f(p)g′(p).

4.8.7.4 Example fn : K → K, x 7→ xn is differentiable at any x ∈ K. f ′n(x) = nxn−1.

4.8.7.5 Proof f1 : K → K is differentiable, ∀x ∈ K, dxf1 = f1.
f ′1(x) = dxf1(1) = f1(1) = 1, ∀x ∈ K.
If f ′n(x) = nxn−1, then f ′n+1(x) = (fnf1)

′(x) = fn(x)f
′
1(x) + f ′n(x)f1(x) = xn + xf ′n(x) = (n+ 1)xn.

4.8.7.6 Prop Let E,F and G be normed vector space. U ⊆ E be an open subset, φ ∈ L (F,G), p ∈ U . If f : U → F is
differentiable at p, then so is φ ◦ f . Moreover, dp(φ ◦ f) = φ ◦ dpf .

4.8.7.7 Proof φ is differentiable at f(p), and df(p)φ = φ.

4.8.7.8 Corollary Let E and F be normed vector spaces, U ⊆ E be an open subset, p ∈ U . Let f : U → F and
g : U → F be mappings that are differentiable at p, (a, b) ∈ K ×K.

Then af + bg is differentiable at p, and dp(af + bg) = adpf + bdpg.

4.8.7.9 Proof af + bg is the composite U → F × F → F , x 7→ (f(x), g(x)) 7→ af(x) + bg(x).
∥ay + bz∥ ≤ |a|∥y∥+ |b|∥z∥ ≤ (|a|+ |b|)max{∥y∥, ∥z∥}.

4.8.7.10 Def Let E be a vector space over K, and ∥ · ∥1 and ∥ · ∥2 be norms on E. We say that ∥ · ∥1 and ∥ · ∥2 are
equivalent if there exists constants C1 > 0 and C2 > 0, s.t. ∀s ∈ E, C1∥s∥1 ≤ ∥s∥2 ≤ C2∥s∥1.

4.8.7.11 Prop If ∥ · ∥1 and ∥ · ∥2 are equivalent, then IdE : (E, ∥ · ∥1) → (E, ∥ · ∥2) and IdE : (E, ∥ · ∥2) → (E, ∥ · ∥1) are
bounded linear mappings. Moreover, ∥ · ∥1 and ∥ · ∥2 defines the same topology on E.

4.8.7.12 Proof ∥s∥2 ≤ C2∥s∥1 ≤ C−1
1 ∥s∥2. So these linear mappings are bounded. Hence IdE : (E, ∥ · ∥1) → (E, ∥ · ∥2)

and IdE : (E, ∥·∥2) → (E, ∥·∥1) are continuous. So ∀ open subset of (E, ∥·∥2), Id−1
E (U) = U is open in (E, ∥·∥1). Conversely

if V is open in (E, ∥ · ∥1) then V = Id−1
E (V ) is open in (E, ∥ · ∥2).

4.8.7.13 Remark If ∥ · ∥1 and ∥ · ∥2 are two norms on E that define the same topology on E, then they are equivalent.
(Under the assumptions that | · | is not trivial.)

4.8.7.14 Prop Let (E, ∥ · ∥E) and (F, ∥ · ∥F ) be normed vector spaces, ∥ · ∥′E and ∥ · ∥′F be norms on E and F that are
equivalent to ∥ · ∥E and ∥ · ∥F , respectively. Let U ⊆ E be an open subset and f : U → F be a mapping. Let p ∈ U . Then
f is differentiable at p with respect to ∥ · ∥E and ∥ · ∥F iff it is differentiable with respect to ∥ · ∥′E and ∥ · ∥′F . Moreover the
differential of f at p is not changed in the change of norms from (∥ · ∥E , ∥ · ∥F ) to (∥ · ∥′E , ∥ · ∥′F ).

4.8.7.15 Proof f = IdF ◦ f ◦ IdU .
dpf = df(p)IdF ◦ dpf ◦ dpIdU = IdF ◦ dpf ◦ IdE = dpf .
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4.8.7.16 Theorem Let V be a finite dimensional vector space over K. Then all norms on V are equivalent. Moreover,
V is complete with respect to any norms on V .

4.8.7.17 Proof Let (ei)
n
i=1 be a basis of V . Then the mapping V → R≥0, a1e1 + · · ·+ anen 7→ max{|a1|, · · · , |an|} is a

norm on V .

Let ∥ · ∥ be another norm on V . One has ∥a1e1 + · · ·+ anen∥ ≤ |a1|∥e1∥+ · · ·+ |an|∥en∥ ≤ (∥e1∥+ · · ·+ ∥en∥)max{|a1|+
· · ·+ |an|}

We reason by induction that there exists C > 0 s.t. max{|a1|, · · · , |an|} ≤ C∥a1e1 + · · ·+ anen∥
The case where n = 0 is trivial(We just have a single norm on {0}).
Case where n = 1, ∥a1e1∥ = |a1|∥e1∥. |a1| = ∥e1∥−1∥a1e1∥.(It is complete since K is complete.)

Induction hypothesis: true for vector spaces of dimension < n.

Let W = {a1e1+ · · ·+ an−1en−1|(a1, · · · , an−1) ∈ Kn−1} equipped with the restriction of ∥ · ∥. The induction shows that
W is complete. Hence it is closed in V .

Let Q = V/W and ∥ · ∥Q be the quotient norm on Q, that is defined as ∀x ∈ Q, ∥α∥Q = inf
s∈α

∥s∥.

If s ∈ V \W , ∃ε > 0, s.t. B(s, ε)
⋂
W = ∅. ∀t ∈W , s+ t /∈ B(0, ε). Since otherwise −t ∈W

⋂
B(s, ε).

Therefore, ∥[s]∥Q = inf
t∈W

∥s+ t∥ ≥ ε > 0

Applying the induction hypothesis to W , we obtain the existence of some A > 0 s.t. max{|a1|, · · · , |an−1|} ≤ A∥a1e1 +
· · ·+ an−1en− 1∥, for any (a1, · · · , an−1) ∈ Kn−1.

Take s = a1e1 + · · ·+ an−1en−1 + anen ∈ V . Let α = [s] = an[en] ∈ Q

A−1 max{|a1|, · · · , |an−1|} ≤ ∥a1e1 + · · ·+ an−1en−1∥ = ∥s− anen∥ ≤ ∥s∥+ |an|∥en∥
∥α∥Q = |an|∥[en]∥Q = |an| inf

t∈W
∥en + t∥

Take e′n ∈ V s.t. [e′n] = [en] and ∥e′n∥ ≤ ∥[en]∥Q + ε.

∥en∥ ≥ ∥[en]∥. Because of induction hypothesis, ∥[en]∥Q > 0, thus ∥en∥ ≤ B∥[en]∥
s = anen + t ∈ V with t ∈W .

∥s∥ ≥ ∥[anen]∥Q = |an|∥[en]∥Q ≥ B−1|an|∥en∥
If ∥anen∥ < 1

2∥t∥, ∥s∥ ≥ ∥t∥ − ∥anen∥ > 1
2∥t∥ ≥ 1

2Amax{|a1|, · · · , |an−1|}.
If ∥anen∥ ≥ 1

2∥t∥, ∥s∥ ≥ B−1|an|∥en∥ ≥ B−1

2 ∥t∥ ≥ B−1A
2 max{|a1|, · · · , |an+1|}.

We take C = min{B−1∥en∥, A2 ,
B−1A

2 }
Then ∥s∥ ≥ Cmax{|a1|, · · · , |an|}.

4.8.8 Theorem: Differentiability Implies Continuity

Let E and F be normed vector space over a complete valued field, U ⊆ E be an open subset, and f : U → F be a
mapping. If f is differentiable at p ∈ U , then f is continuous at p.

4.8.9 Proof

f(x) = f(p) + dpf(x− p) + o(∥x− p∥) = O(∥x− p∥) + f(p) = f(p) + o(1) x→ p. So limx→p f(x) = f(p).

4.9 Compactness

4.9.1 Quasi-Compact/Compact

Let X be a topological space, Y ⊆ X. We call open cover of Y any family (Ui)i∈I s.t. Y ⊆
⋃
i∈I

Ui. If I is a finite set, we

say that (Ui)i∈I is a finite open cover. If J ⊆ I s.t. Y ⊆
⋃
j∈J

Uj is a subcover of (Ui)i∈I .

If any open cover of Y has a finite subcover, we say that Y is quasi-compact. If in addition X is Hausdorff, we say that
Y is compact.

4.9.1.1 Ultrafilter Let X be a set and F be a filter on X.

If there doesn’t exist any filter F ′ of X s.t. F ⊊ F ′, then we say that F is an ultrafilter.

Zorn’s Lemma implies that for any filter F0 of X, there exists an ultrafilter F of X containing F0.

4.9.1.2 Prop Let F be a filter on a set X. The following statements are equivalent.

(1) F is an ultrafilter.

(2) ∀A ⊆ X, either A ∈ F or X \A ∈ F .

(3) ∀(A,B) ∈ P(X)2, if A
⋃
B ∈ F , then A ∈ F or B ∈ F .
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4.9.1.3 Proof From (1) to (2): Suppose that A ∈ P(X) s.t. A /∈ F and X \A /∈ F .
For any B ∈ F . One has B

⋂
A /∈ ∅, since otherwise B ⊆ X \A and hence X \A ∈ F , contradiction!

Hence F
⋃
{A} generates some filter strictly larger than F , F cannot be an ultrafilter.

From (2) to (3): Suppose B /∈ F , then X \B ∈ F
(A
⋃
B)
⋂
(X \B) = A \B ∈ F . So A ∈ F .

From (3) to (1): Suppose F ′ is a filter s.t. F ⊊ F ′. Take A ∈ F ′\F . Then byX−A
⋃
(X\A) ∈ F . HenceX\A ∈ F ⊆ F ′.

∅ = A
⋂
(X \A) ∈ F ′ is impossible.

4.9.2 Equivalent Conditions for Quasi-Compactness

Let (X, τ) be a topological space. The following are equivalent:

1. X is quasi-compact.

2. Any filter of X has an accumulation point.

3. Any ultrafilter of X is convergent.

4.9.2.1 Proof From (1) to (2): Assume that a filter F of X doesn’t have any accumulation point.
∀x ∈ X, ∃Ax ∈ F , ∃ open neighborhood Vx of x s.t. Ax

⋂
Vx = ∅. Since X =

⋃
x∈X

Vx, there is {x1, · · · , xn} ⊆ X, s.t.

X =
n⋃
i=1

Uxi
. Take B =

n⋂
i=1

Axi
∈ F , B

⋂
X = B = ∅. Since B

⋂
Vxi

= ∅, ∀i ∈ {1, · · · , n}.

From (2) to (3): Let F be an ultrafilter of X, by (2), there is x ∈ X s.t. F
⋃
Vx generates a filter F ′. Since F is an

ultrafilter F = F ′ and hence Vx ⊆ F .
From (3) to (1): Let (Ui)i∈I be an open cover of X. We suppose that (Ui)i∈I does not have any finite subcover. For any

i ∈ I, let Fi = X\Ui. For any J ⊆ I finite, FJ =
⋂
j∈J Fj = X\

⋃
j∈J Uj ̸= ∅. Let F be the smallest filter on X that contains

{FJ | J ∈ Ifinite}. Let F ′ be an ultrafilter containing F . It has a limit point x. There exists i ∈ I s.t. x ∈ Ui. Since Ui is a
neighborhood of x, and V ⊆ F ′, we get Ui ∈ F ′. This is impossible since Fi ∈ F ′.

4.9.2.2 Def A filter F on X is called a Cauchy filter if ∀δ > 0, ∃A ∈ F s.t. diam(A) ≤ δ.

4.9.3 Heine-Borel Theorem in Metric Spaces

Let (X, d) be a metric space. The following statements are equivalent:

1. X is complete, and ∀ε > 0,∃Xε ⊆ X finite s.t. X =
⋃
x∈Xε

B(x, ε), where B(x, ε) denotes the open ball centered at x
with radius ε.

2. X is compact.

4.9.3.1 Lemma Let (X, d) be a metric space.

1. Let F be a Cauchy filter on X. Any accumulation point of F is a limit point of F .

2. X is complete if and only if any Cauchy filter of X has a limit point.

4.9.3.2 Proof of the Lemma

1. Let F be a Cauchy filter. Let x ∈ X be an accumulation point of F . For any ε > 0, ∃A ∈ F with diameter ≤ ε
2 . Note

that A ∩ B(x, ε2 ) ̸= ∅. Take y ∈ A ∩ B(x, ε2 ). Then, ∀z ∈ A, we have d(x, z) ≤ d(x, y) + d(y, z). Since y ∈ B(x, ε2 ), it
follows that d(x, y) < ε

2 . Also, since A has diameter ≤ ε
2 , we have d(y, z) ≤ ε

2 . Therefore, d(x, z) < ε
2 + ε

2 = ε. This
implies z ∈ B(x, ε). Hence, A ⊆ B(x, ε). So B(x, ε) ∈ F . This implies x ∈ F .

2. ” ⇐= ” Let (xn)n∈N be a Cauchy sequence in X. Let F = {A ⊆ X | ∃N ∈ N, {xN , xN+1, · · · } ⊆ A}. This is a
Cauchy filter on X since limn→∞ diam{xn, xn+1, · · · } = 0. Hence F has a limit point x ∈ X. By Def, ∀U ∈ Vx,∃N ∈
N, {xN , xN+1, · · · } ⊆ U . So x = limn→∞ xn.

” =⇒ ” Suppose that X is complete. Let F be a Cauchy filter. ∀n ∈ N≥1, let An ∈ F s.t. diam(An) ≤ 1
n . Take

xn ∈
⋂n
k=1Ak ∈ F . Then (xn)n∈N≥1

is a Cauchy sequence since ∀ϵ > 0, if we take N ∈ N with 1
N ≤ ϵ, then

∀(n,m) ∈ N≥N , d(xn, xm) ≤ 1
N since {xn, xm} ⊆ AN . Hence (xn)n∈N converges to some x ∈ X. Note that x is a limit

point of F .

4.9.3.3 Proof of the Theorem From (1) to (2): Let F be an ultrafilter. Then X =
⋃
x∈X B(x, ε) for some ε > 0.

Let {x1, x2, · · · , xn} ⊆ X s.t. B(xi, ε) ∈ F for all i ∈ {1, · · · , n}. There exists some i ∈ {1, · · · , n} s.t. B(xi, ε) ∈ F (By
induction). Thus, F is a Cauchy filter (for any δ > 0, ∃A ∈ F of diameter ≤ δ). Since X is complete, F has a limit point.
So F is compact.

From (2) to (1): Let ε > 0. One has X =
⋃
x∈X B(x, ε). Since X is compact, ∃Xε ⊆ X finite s.t. X =

⋃
x∈Xε

B(x, ε).
Compact → completeness is trivial.
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4.9.3.4 Prop Let f : X → Y be a continuous mapping of topological spaces. If A ⊆ X is quasi-compact, then f(A) ⊆ Y
is also quasi-compact.

4.9.3.5 Proof Let (Vi)i∈I be an open cover of f(A). Then (f−1(Vi))i∈I is an open cover of A. Since A is quasi-compact,
there exists a finite subcover (Vij )j∈J s.t. A ⊆

⋃
j∈J f

−1(Vij ). This implies f(A) ⊆
⋃
j∈J Vij . So f(A) is quasi-compact.

4.9.3.6 Prop Let X be a topological space and A ⊆ X be a compact subset. For any closed subset F of X, A ∩ F is
quasi-compact.

4.9.3.7 Proof Let (Ui)i∈I be an open cover of A∩F . Then (Ui)i∈I
⋃
(X \F ) is an open cover of A. Since A is compact,

there exists a finite subcover (Uj)j∈J s.t. A ⊆
⋃
j∈J(Uj)

⋃
(X \F ). This implies A∩F ⊆

⋃
j∈J Uij . So A∩F is quasi-compact.

4.9.3.8 Prop Let X be a Hausdorff topological space. Any compact subset A of X is closed.

4.9.3.9 Proof Let x ∈ X \A. For every y ∈ A, there exist open subsets Uy and Vy s.t. y ∈ Uy, x ∈ Vy, and Uy ∩Vy = ∅.
Since A ⊆

⋃
y∈A Uy, there exists a finite subcover {Uy1 , Uy2 , · · · , Uyn} ⊆ A s.t. A ⊆

⋃n
k=1 Uyk .

Let U =
⋃n
i=1 Uyi and V =

⋂n
i=1 Vyi . These are open subsets.

Moreover, A ⊆ U , x ∈ V , and U ∩ V =
⋃n
i=1(Uyi ∩ V ) = ∅.

In particular, x ∈ V ⊆ X \A. Consequently, X \A is open.

4.9.3.10 Prop Let X be a Hausdorff topological space, and A and B be compact subsets of X, A
⋂
B = ∅. Then there

exist open subsets U and V of X s.t. A ⊆ U , B ⊆ V , and U ∩ V = ∅.

4.9.3.11 Proof We have seen in the proof of the previous Prop that for every x ∈ B, there exist Ux and Vx open s.t.
A ⊆ Ux, x ∈ Vx, and Ux ∩Vx = ∅. Since B ⊆

⋃
x∈B Vx, there exists a finite subset {x1, · · · , xm} ⊆ B s.t. B ⊆

⋃m
i=1 Vxi . We

take U =
⋂m
i=1 Uxi

and V =
⋃m
i=1 Vxi

. Clearly, A ⊆ U , B ⊆ V , and U ∩ V = ∅.

4.9.4 Cantor’s Intersection Theorem

Let (X, τ) be a Hausdorff topological space. If (An)n∈N is a sequence of compact subsets of X s.t. A0 ⊇ A1 ⊇ A2 ⊇ · · ·,
then

⋂
n∈NAn ̸= ∅.

4.9.4.1 Proof Suppose that
⋂
n∈NAn = ∅. Then A0 ⊆

⋃
n∈N(X \An).

Since A0 is compact, there exists N ∈ N s.t. A0 ⊆
⋃N
n=0(X \An) = X \

⋂N
n=0An = X \AN .

So AN = ∅. (Since AN ⊆ A0 ⊆ X \AN ).

4.9.4.2 Prop We fix a complete value field (K, | · |). Let (E, ∥ · ∥E), (F, ∥ · ∥F ) be normed vector spaces over K. Assume
that E is finite dimensional. Then any K-linear map Ψ : E → F is bounded.

4.9.4.3 Proof Let (ei)
n
i=1 be a basis of E over K. Use 4.7.7.16 Theorem: norms on E are equivalent.

∀(a1, . . . , an) ∈ K, ∥a1e1 + . . .+ anen∥E := max{|a1|, . . . , |an|}.

Then bj = a1e1 + . . .+ anen.

∥Ψ(bj)∥F = ∥a1Ψ(e1) + . . .+ anΨ(en)∥F ≤
n∑
i=1

|ai|∥Ψ(ei)∥F ≤

(
n∑
i=1

∥Ψ(ei)∥F

)
∥bj∥E .

4.9.5 Sequentially Compact

Let (X, τ) be a topological space. If any sequence in X has a convergent subsequence, we say that X is sequentially
compact.

4.9.5.1 Example By Bolzano-Weierstrass, any bounded sequence in R has a convergent subsequence. So any bounded
and closed subset of R is sequentially compact.

4.9.5.2 Theorem Let (X, d) be a metric space. Then the following statements are equivalent:

1. (X, d) is compact.

2. (X, d) is sequentially compact.
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4.9.5.3 Proof 1 → 2 Let (xn)n∈N be a sequence in X. Assume that no subsequence of (xn) converges in X. ∀p ∈ X,
there exists ϵp > 0 s.t. {n ∈ N | d(p, xn) < ϵp} is finite.

This is true, otherwise we can construct a strictly increasing sequence {nk}k∈N s.t.

∀k ∈ N,∃xn s.t. d(p, xn) <
1

k
, which implies xn → p.

Since X is compact, then N =
⋃d
i=1{n ∈ N, d(pi, xn) < ϵpi}, which is finite, leading to contradiction.

2 → 1 We show that (X, d) is complete. Let (xn) be a Cauchy sequence. By (2), it contains a convergent subsequence.
Therefore, by a fact proved before (2.7.1(4) Prop), (xn) must converge to the same limit. Hence, (X, d) is complete. By
implying 4.8.3 Heine-Borel Theorem in Metric Spaces, we only need to prove that it’s covered by finitely many balls
of radius ϵ.

If X is not covered by finitely many balls of radius ϵ, then we can construct a sequence (xn) s.t. xn+1 /∈
⋃
B(xk, ξ) for

any subsequence of this is not Cauchy (not convergent), which leads to contradiction.

4.9.6 Locally Compact

Let X be a Hausdorff topological space. If for any x ∈ X there exists a compact neighborhood Cx of x in X, we say that
X is locally compact.

4.9.6.1 Remark Locally compact ⇏ compact; compact → locally compact.

4.9.6.2 Example R is locally compact, since Cx = [x− 1, x+ 1] is a compact neighborhood of x.

4.9.6.3 Prop Assume that (K, | · |) is a locally compact non-trivial valued field. Let (E, ∥ · ∥) be a finite dimensional
normed K-vector space. A subset Y ⊆ E is compact if and only if it is closed and bounded.

4.9.6.4 Proof (→) Let Y ⊆ X be compact. Then Y is closed (4.8.5.2 Theorem). Moreover, Y ⊆
⋃
n∈N≥1

B(0, n). We

can find finitely many positive integers n1, . . . , nk s.t. Y ⊆ B(0, n1)
⋃
. . .
⋃
B(0, nk) ⊆ B(0, nk), hence Y is bounded.

(⇐) Let (ei) be a basis of E. Again, we assume ∥a1e1 + . . . + aded∥ = max{∥a1∥, . . . , ∥ad∥}. We only need to prove
sequential compactness by the theorem proved before.

Let (xn) = (a
(n)
1 e1 + . . .+ a

(n)
d ed). Since Y is bounded, for m ∈ {1, . . . , d}, the sequence (a

(n)
i ) is bounded. In particular,

we find M > 0 s.t. |a(n)i | < M for all i ∈ {1, . . . , d}. Since (K, | · |) is locally compact, there is a compact set C0 of K that is
a neighborhood of 0. Let ϵ > 0, B(0, ϵ) ⊆ C. Since K is not trivially valued, there exists a ∈ K s.t. |a| ≥ M

ϵ .

Then B(0,M) ⊆ aC. C ⊆ K is compact. We have a K-linear mapping K → K y 7→ ay, this mapping is bounded,
hence continuous, hence aC is compact (the image of C through a continuous mapping). B(0,M) ⊆ aC is a closed subspace
of a compact.

So it is compact → it is sequentially compact.

Therefore, we can find I1, . . . , Id that are infinite subsets of N, with I1 ⊃ I2 ⊃ . . . ⊃ Id, s.t. (a
(n)
i )n∈Ii converges. They

converge to some ai ∈ K. It follows that our original sequence has a convergent subsequence converging to a1e1+ . . .+ aded.
So Y is sequentially compact.

4.9.7 Extreme Value Theorem

Let X be a topological space and f : X → R be a continuous mapping. If Y ⊆ X is a non-empty quasi-compact subset,
then there exists a ∈ Y and b ∈ Y s.t. for all x ∈ Y , f(a) ≤ f(x) ≤ f(b). Namely, the restriction of f to Y attains its
maximum and minimum.

4.9.7.1 Proof f(Y ) ⊆ R is a compact subset since Y is quasi-compact and R is Hausdorff (4.8.3.4 Prop). Moreover,
since R is locally compact, f(Y ) is bounded and closed. Note that there exists sequences {dn}n∈N and {en}n∈N in f(Y )
that tend to sup f(Y ) and inf f(Y ) respectively. Since f(Y ) is closed, sup f(Y ) and inf f(Y ) belong to f(Y ). So f(Y ) has a
greatest and a least element.

4.10 Mean Value Theorems

4.10.1 Theorem (Rolle)

Let a and b be real numbers s.t. a < b. Let f : [a, b] → R be a continuous mapping that is differentiable on ]a, b[. If
f(a) = f(b), then there exists c ∈]a, b[ s.t. f ′(c) = 0.
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4.10.1.1 Proof Since [a, b] is compact, f attains its maximum and minimum. Let M = max f([a, b]), m = min f([a, b]).
Let l = f(a) = f(b).

If M ̸= l, there exists a < t < b s.t. f(t) =M . Then, f(t+ x) = f(t)+ f ′(t)x+ o(|x|), f(t− x) = f(t)− f ′(t)x+ o(|x|).
So 0 ≤ (f(t+ x)− f(t))(f(t− x)− f(t)) = f ′(t)2x2 + o(|x|2) Taking the limit when x→ 0, we get f ′(t) = 0.

If m ̸= l, then any t ∈]a, b[ s.t. f(t) = m satisfies f ′(t) = 0.
If m = l =M , f is constant, so ∀t ∈]a, b[, f ′(t) = 0.

4.10.2 Theorem (Mean value theorem, Lagrange)

Let a and b be two real numbers, a < b. Let f : [a, b] → R be a continuous mapping that is differentiable on ]a, b[. Then

there exists t ∈]a, b[ s.t. f ′(t) = f(b)−f(a)
b−a .

4.10.2.1 Proof Let g : [a, b] → R be defined as g(x) = f(x)− f(b)−f(a)
b−a (x− a). Then,

g(a) = f(a), g(b) = f(b)− (f(b)− f(a)) = f(a)

g′(x) = f ′(x)− f(b)− f(a)

b− a

By Rolle’s theorem, there exists t ∈]a, b[ s.t. g′(t) = 0, that is,

f ′(t) =
f(b)− f(a)

b− a

4.10.3 Theorem (Mean value inequality)

Let a and b be two real numbers, s.t. a < b. Let (E, ∥ · ∥) be a normed vector space over R. Let f : [a, b] → E be a
continuous mapping s.t. f is differentiable on ]a, b[. Then,

∥f(b)− f(a)∥ ≤ sup
x∈]a,b[

∥f ′(x)∥(b− a)

4.10.3.1 Proof Suppose that supx∈]a,b[ ∥f ′(x)∥ < +∞. Let M ∈ R s.t. M > supx∈]a,b[ ∥f ′(x)∥. Let J = {x ∈ [a, b] |
∀y ∈ [a, x], ∥f(y) − f(a)∥ ≤ M(y − a)}. By Def, J is an interval containing a, so J is of the form [a, c] or [a, c[. Since f is
continuous, by taking a sequence (cn)n∈N in [a, c[ that converges to c, we obtain

∥f(c)− f(a)∥ = lim
n→+∞

∥f(cn)− f(a)∥ ≤ lim
n→+∞

M(cn − a)

Hence, c ∈ J , namely J = [a, c].
We assume that c > a. We will prove that c = b by contradiction.
Suppose that c < b. (Attention: This is a bit imprecise, but the correct proof is to do something similar to this twice,

which is a bit lengthy.) ∀b ∈]0, b − c[, ∥f(c + b) − f(c)∥ = ∥h × f ′(c) + o(h)∥ ≤ ∥f ′(c)∥ × h + o(h) h → 0. Since
M > ∥f ′(c)∥, ∃h0 > 0(h0 < b− c) s.t. ∀0 < h < h0, ∥f(c+ h)− f(c)∥ ≤Mh since ∥o(h)∥ ≤ (M − ∥f ′(c)∥)× h. Hence

∥f(c+ h)− f(a)∥ ≤ ∥f)c+ h)− f(c)∥+ ∥f(c)− f(a)∥ ≤M(c+ h− a)

So, c+ h0 is in J , a contradiction.

4.10.4 Intermediate Value Theorem

Let I be an open interval in R and f : I → R be a differentiable mapping, then f(I) is an interval.

4.10.4.1 Proof Let x and y be two elements of f(I) with x ̸= y. Let a and b be elements of I s.t. x = f(a), y = f(b).
Without generality, we suppose a < b. Let z ∈ R s.t. (z − x)(z − y) ≤ 0.

We conduct by induction three sequences (an)n∈N, (bn)n∈N, and (cn)n∈N s.t.:

1. a = a0, b0 = b, c0 = a+b
2 at t0.

2. If an, bn, cn are constructed, satisfying cn = 1
2 (an + bn), (z − an)(z − bn) ≤ 0, we let (an+1, bn+1) = (an, cn) if

(z−f(an))(z−f(cn)) ≤ 0, (an+1, bn+1) = (cn, bn) if (z−f(an))(z−f(cn)) > 0 (in this case (z−f(cn))(z−f(bn)) ≤ 0).

The sequence (an)n∈N, (bn)n∈N are strictly increasing/decreasing and bounded, hence converges to some l ∈]a, b[,m ∈]a, b[.
Note that |bn − an| = 1

2n |b− a| → 0 (as n→ +∞), so l = m.
By (z− f(an))(z− f(bn)) ≤ 0, we obtain by letting n→ +∞ that (z− f(l))(z− f(l)) ≤ 0, which implies z ∈ f(l). (Using

dichotomy.)

4.10.5 Theorem (Darboux)

Let I be an open interval of R and f : I → R be a differentiable mapping. Then f ′(I) is an interval.
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4.10.5.1 Proof Consider the following mappings:

g : [a, b] → R, g(x) =

{
f(x)−f(a)

x−a x ̸= a

f ′(a) x = a

h : [a, b] → R, h(x) =

{
f(b)−f(x)

b−x x ̸= b

f ′(b) x = b

g and h are continuous, and f(x)−f(a)
x−a = f ′(a) + o(1) as x→ a. So g([a, b]) and h([a, b]) are intervals.

Moreover, by the mean value theorem, g([a, b]) ⊆ f ′(I) and h([a, b]) ⊆ f ′(I). So {f ′(a) − f ′(b)} ≤ g([a, b])
⋃
h([a, b]) ⊆

f ′(I).
Note that g(b) = h(a), so g([a, b])

⋃
h([a, b]) is an interval. Hence f ′(I) is an interval.

4.11 Fixed Point Theorem

4.11.1 Def of Fixed Point and Contraction

Let X be a set and T : X → X be a mapping. If there exists x ∈ X s.t. T (x) = x, we say that x is a fixed point of T .
Let (X, d) be a metric space, and T : X → X be a mapping. If there exists ε ∈]0, 1[ s.t. T is ε-Lipschitzian,

cd(T (x), T (y)) ≤ ϵd(x, y)), then we say that T is a contraction.

4.11.2 Theorem (Fixed Point Theorem)

Let (X, d) be a complete non-empty metric space, and T : X → X be a contraction. Then T has a unique fixed point.
Moreover, for any x0 ∈ X, the sequence (xn)n∈N defined by xn+1 = T (xn) converges to the fixed point.

4.11.2.1 Proof If p and q are two fixed points of T , then

d(p, q) = d(T (p), T (q)) ≤ εd(p, q)

for some 0 < ε < 1, hence d(p, q) = 0.
Let x0 ∈ X, xn = (T ◦ · · · ◦ T )(x0) (with n applications of T ), xn+1 = T (xn).
For n ∈ N, d(xn, xn+1) ≤ εnd(x0, x1).
For any N ∈ N, ∀(n,m) ∈ N2, n < m,

d(xn, xm) ≤
m−1∑
k=n

d(xk, xk+1) ≤
m−1∑
k=n

εkd(x0, x1) ≤
εn

1− ε
d(x0, x1)

So limN→∞ supn,m∈N,n≤m≤N d(xn, xm) = 0.
(xn)n∈N is a Cauchy sequence, hence it converges to some p ∈ X. d(T (p), p) = limn→∞ d(T (xn), xn) = 0 since d :

X ×X → R≥0 is continuous.



Chapter 5

Higher differentials

5.1 Multi-linear mapping

Let K be a commutative unitary ring.

5.1.0.1 Def Let n ∈ N, V1, . . . , Vn,W be K-modules.
We call n-linear mapping from V1 × · · · × Vn to W any mapping f : V1 × · · · × Vn → W s.t. ∀i ∈ {1, . . . , n},

∀(x1, . . . , xi−1, xi+1, . . . , xn) ∈ V1 × · · · × Vi−1 × Vi+1 × · · · × Vn, the mapping f(x1, . . . , xi−1, ·, xi+1, . . . , xn) : Vi → W
is a morphism of K-modules.

We denote by Hom(n)(V1 × · · · × Vn,W ) the set of all n-linear mappings from V1 × · · · × Vn to W .

5.1.0.2 Example K ×K → K, (a, b) 7→ ab is a 2-linear mapping (bilinear mapping).

5.1.0.3 Remark When n = 0, Hom(n)(V1 × · · · × Vn,W ) is considered as W by convention.

Hom(1)(V1,W ) = Hom(V1,W ) = {morphisms of K-modules from V1 to W}

5.1.0.4 Prop Suppose that n ≥ 2. For any i ∈ {1, . . . , n− 1},

Hom(n)(V1 × · · · × Vn,W )
Φ−→ Hom(i)(V1 × · · · × Vi,Hom(n−i)(Vi+1 × · · · × Vn,W ))

f 7→ ((x1, . . . , xi) 7→ ((xi+1, . . . , xn) 7→ f(x1, . . . , xn)))

5.1.0.5 Proof The inverse of Φ is given by

g ∈ Hom(i)(V1 × · · · × Vi,Hom(n−i)(Vi+1 × · · · × Vn,W )) 7→

(x1, . . . , xn) ∈ V1 × · · · × Vn 7→ g(x1, . . . , xi)(xi+1, . . . , xn)

5.1.0.6 Remark Hom(n)(V1 × · · · × Vn,W ) is a sub-K-module of WV1×···×Vn and Φ is an isomorphism of K-modules.

5.2 Operator norm of multi-linear mappings

5.2.1 Bounded n-linear Mappings

5.2.1.1 Def Let (K, | · |) be a complete valued field. Let V1, . . . , Vn and W be normed vector spaces over K.

We define ∥ · ∥ : Hom(n)(V1 × · · · × Vn,W ) → [0,+∞] as

∥f∥ := sup
(x1,...,xn)∈V1×···×Vn

xi ̸=0, ∀i

∥f(x1, . . . , xn)∥
∥x1∥ · · · ∥xn∥

If ∥f∥ < +∞, we say that f is bounded. We denote by L (n)(V1 × · · · × Vn,W ) the set of bounded n-linear mappings
from V1 × · · · × Vn to W .

5.2.1.2 Theorem For any i ∈ {1, . . . , n− 1}, if f ∈ L (n)(V1 × · · · × Vn,W ), then the (n-i)-linear mapping

fi(x1, . . . , xi−1, xi, ·) : (xi+1, . . . , xn) 7→ f(x1, . . . , xi−1, xi, xi+1, . . . , xn)

belongs to L (n−i)(Vi+1 × · · · × Vn,W ).
Moreover,

∥f∥ = sup
(x1,...,xn)∈V1×···×Vn

xi ̸=0, ∀i

∥f(x1, . . . , xi, ·)∥
∥x1∥ · · · ∥xi∥

60
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5.2.1.3 Proof Let (xi+1, . . . , xn) ∈ Vi+1 × · · · × Vn, ∥f(x1, . . . , xn)∥ ≤ ∥f∥ · ∥x1∥ · · · · · ∥xn∥ = (∥f∥ · ∥x1∥ · · · · · ∥xi∥) ·
∥xi+1∥ · · · · · ∥xn∥. So ∥f(x1, . . . , xi, ·)∥ ≤ ∥f∥ · ∥x1∥ · · · · · ∥xi∥.

If we define ∥f∥′ := sup(x1,...,xi)∈V1×···×Vi

xj ̸=0, ∀j≤i

∥f(x1,...,xi,·)∥
∥x1∥···∥xi∥ , then ∥f∥′ ≤ ∥f∥.

Conversely, for any (x1, . . . , xn) ∈ V1 × · · · × Vn, s.t. xi ̸= 0.
∥f(x1, . . . , xn)∥ ≤ ∥f(x1, . . . , xi, · · · )∥ · ∥xi+1∥ · · · · · ∥xn∥.
Hence, ∥f∥ = ∥f(x1,...,xn)∥

∥x1∥·····∥xn∥ ≤ ∥f(x1,...,xi,·)∥
∥x1∥·····∥xi∥ ≤ ∥f∥′.

Taking the supremum, we get ∥f∥ = ∥f∥′.

5.2.1.4 Corollary

1. L (n)(V1 × · · · × Vn,W ) is a vector subspace of Hom(n)(V1 × · · · × Vn,W ).

2. ∥ · ∥ is a norm on L (n)(V1 × · · · × Vn,W ).

3. For all i ∈ {1, . . . , n}, the mapping L (n)(V1 × · · · × Vn,W )
Φ−→ L (i)(V1 × · · · × Vi,L (n−i)(Vi+1 × · · · × Vn,W )) is a

K-linear isomorphism that preserves operator norms.

Here W is arbitrary.

5.2.1.5 Proof We reason by induction on n.

• For n = 1, L (1)(V1,W ) = L (V1,W ), which is trivially true.

• Suppose that the corollary is true for m-linear mappings with m < n. Take i ∈ {1, . . . , n − 1}. We consider the
following diagram of mappings:

L (n)(V1 × · · · × Vn,W ) L (i)(V1 × · · · × Vi,L (n−i)(Vi+1 × · · · × Vn,W ))

Hom(n)(V1 × · · · × Vn,W ) Hom(i)(V1 × · · · × Vi,Hom(n−i)(Vi+1 × · · · × Vn,W ))

Φ

⊆ ⊆

Φ

WTS L (n)(V1 × · · · × Vn,W ) is a vector subspace, we only need to show ∀g ∈ L (i)(V1 × · · · × Vi,L (n−i)(Vi+1 × · · · ×
Vn,W )), one has ∥Φ−1(g)∥ = ∥g∥ < +∞ (5.1.0.6 Remark).

For any (x1, . . . , xn) ∈ V1 × · · · × Vn,

∥Φ−1(g)(x1, . . . , xn)∥ ≤ ∥g(x1, . . . , xi, xi+1, . . . , xn)∥ ≤ ∥g∥ · ∥x1∥ · · · ∥xn∥

≤ ∥g∥ · ∥xi∥ · ∥xi+1∥ · · · ∥xn∥

Therefore, ∥Φ−1(g)∥ ≤ ∥g∥ ≤ ∥Φ−1(g)∥. (∥Φ(g)∥ = ∥g∥ ∀g ∈ L (n)(V1 × · · · × Vn,W )).

∥g∥ = sup{∥g(x1,...,xn)∥
∥x1∥·····∥xn∥ }.

5.3 Higher Differentials

We fix a complete non-trivially valued field (K, | · |) and normed K-vector spaces E and F .

5.3.1 Def

Let U ⊆ E be an open subset and f : U → F be a mapping.

1. If f is continuous, we say that f is of class C0; any mapping from U to F is 0-time differentiable and we denote by
D0f the mapping f : U → F .

2. If f is differentiable on an open neighborhood V ⊆ U of some point p ∈ U , and df : V → L (E,F ), x 7→ dxf , is n-times
differentiable at p, then we say that f is (n + 1)-times differentiable at p. If f is (n + 1)-times differentiable at any
point p ∈ U , we denote by Dn+1f : U → L (n+1)(En+1, F ) the mapping that sends x ∈ U to the image of Dn(df)(x)
by the K-linear bijection L (n)(En,L (E,F )) → L (n+1)(En+1, F ).

If Dnf is continuous, we say that f is of class Cn(n ≥ 0).

5.3.1.1 Remark If f is n-times differentiable, ∀i ∈ {1, . . . , n− 1}, ∀p ∈ U , ∀(h1, . . . , hn) ∈ En, one has

Di(Dn−if)(p)(h1, . . . , hi)(hi+1, . . . , hn) = Dnf(p)(h1, . . . , hn)

Dn−if : U → L (n−i)(En−i, F ), Di(Dn−if) U L (i)(Ei,L (n−i)(En−i, F ))

L (n)(En, F )

:

Dnf ∼=
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5.3.1.2 Theorem Assume that (K, | · |) = (R, | · |). Let f : U → F be a mapping that is (n+ 1)-times differentiable on
U . Let p ∈ U and h ∈ E s.t. p+ th ∈ U ∀t ∈ I ⊆ R.

Then,

∥f(p+ h)− f(p)−
n∑
k=1

1

k!
Dkf(p)(h, . . . , h)∥ ≤

(
sup

t∈I\{0,1}

(1− t)n

n!
∥D(n+1)f(p+ th)∥

)
∥h∥n+1

(Taylor-Lagrange formula)

5.3.2 Gronwall Inequality

Let F be a normed vector space over R, (a, b) ∈ R2, a < b. Let f : [a, b] → F and g : [a, b] → R be continuous mappings
that are differentiable on ]a, b[. Suppose that ∀t ∈]a, b[, ∥f ′(t)∥ ≤ g′(t). Then ∥f(b)− f(a)∥ ≤ g(b)− g(a).

5.3.2.1 Proof Let c ∈]a, b[, ε > 0. Let J = {t ∈ [c, b] | ∀s ∈ [c, t], ∥f(s)− f(c)∥ ≤ g(s)− g(c) + ε(s− c)}. By Def, J is an
interval.

Since f and g are continuous, J is a closed interval, hence J is of the form [c, t]. (4.9.3.1 Proof) If t < b, then for h > 0,
sufficiently small, we have:

f(t+ h)− f(t) = hf ′(t) + o(h), g(t+ h)− g(t) = hg′(t) + o(h).

There exists δ > 0, for h ∈ [0, δ]:

∥f(t+ h)− f(t)∥ ≤ ∥f ′(t)∥ · h+
3

2
εh, g(t+ h)− g(t) ≥ g′(t)h− 1

2
εh.

So, ∥f(t+ h)− f(t)∥ ≤ g(t+ h)− g(t) + εh. Moreover, ∥f(t)− f(c)∥ ≤ g(t)− g(c) + ε(t− c).
Thus, ∥f(t + h) − f(c)∥ ≤ g(t + h) − g(c) + ε(t + h − c). This implies [c, t + δ] ⊆ J , which is a contradiction! Hence,

∥f(b)− f(c)∥ ≤ g(b)− g(c) + ε(b− c). For the same reason, ∥f(c)− f(a)∥ ≤ g(c)− g(a) + ε(c− a).
Therefore, ∥f(b)− f(a)∥ ≤ g(b)− g(a) + ε(b− a). Since ε is arbitrary, we conclude ∥f(b)− f(a)∥ ≤ g(b)− g(a).

5.3.3 Taylor-Lagrange Formula

Let n ∈ N, E and F be normed vector spaces over R. Let U ⊆ E be open and f : U → F be a mapping that is
(n+ 1)-times differentiable. Let p ∈ U and h ∈ E s.t. p+ th ∈ U for t ∈]0, 1[. Let M = supt∈[0,1] ∥Dnf(p+ th)∥. Then:

∥f(p+ th)−
n∑
k=0

1

k!
Dkf(p)(h, . . . , h︸ ︷︷ ︸

k copies

)∥ ≤ M

(n+ 1)!
∥h∥n+1.

5.3.3.1 Proof Consider ϕ : [0, 1] → F , defined by:

ϕ(t) =

n∑
k=0

(1− t)k

k!
Dkf(p+ th)(h, . . . , h).

We have ϕ(1) = f(p+ th) and ϕ(0) =
∑n
k=0

1
k!D

kf(p)(h, . . . , h). By the properties of the derivative, we can show that:

ϕ′(t) = Σnk=0

(1− t)k

k!
Dk+1f(p+ th)( h, . . . , h︸ ︷︷ ︸

k+1 copies

)− Σnk=1

(1− t)k−1

(k − 1)!
Dkf(p+ th)(h, . . . , h︸ ︷︷ ︸

k copies

)

= Σnk=0

(1− t)k

k!
Dk+1f(p+ th)( h, . . . , h︸ ︷︷ ︸

k+1 copies

)− Σn−1
k=0

(1− t)k

k!
Dk+1f(p+ th)( h, . . . , h︸ ︷︷ ︸

k+1 copies

)

∥ϕ′(t)∥ =
(1− t)n

n!
Dn+1f(p+ th)(h, . . . , h) ≤M

(1− t)n

n!
∥h∥n+1 = (−M (1− t)n+1∥h∥n+1

(n+ 1)!
)′.

By Gronwall’s inequality, we get:

∥ϕ(1)− ϕ(0)∥ ≤ M

(n+ 1)!
∥h∥n+1.

5.3.3.2 Partial Differentials Let n ∈ N≥1, E1, . . . , En, and F be normed vector spaces over a complete valued field
(K, | · |). Let U ⊆ E1 × · · · × En be an open set, p = (p1, . . . , pn) ∈ U , i ∈ {1, . . . , n}. f : U → F . If there exists an open
neighborhood Ui of pi in Ei s.t. the mapping Ui → F , xi 7→ f(p1, . . . , pi−1, xi, pi+1, . . . , pn) is well defined and differentiable
at pi, we denote by ∂f

∂xi
(p) the differential at p of this mapping Ui → F and say that f admits the i-th partial differential at

p.
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5.3.3.3 Prop Suppose that (K, | · |) = R. Suppose that f has all partial differentials on U as ∂f
∂xi

: U → L (Ei, F ) is

continuous for any i ∈ {1, . . . , n}. Then f is of class C1, and for any h = (h1, . . . , hn) ∈ E1 × · · · × En, ∀p ∈ U, dpf(h) =

Σni=1
∂f
∂xi

(p)(hi).

5.3.3.4 Proof By induction, it suffices to treat the case where n = 2. Let p = (a, b) ∈ E1 × E2, ∀ε ∈ R+, ∃δ > 0,
∀(h, k) ∈ E1 × E2, max{|h|, |k|} ≤ δ, one has:∥∥∥∥ ∂f∂x2 (a+ h, b+ k)− ∂f

∂x2
(a, b)

∥∥∥∥ ≤ ε

(by the continuity of ∂f
∂x2

).

Consider the mapping ϕ : [0, 1] → F , ϕ(t) = f(a+ h, b+ tk)− f(a+ h, b)− t ∂f∂x2
(a+ h, b)(k).

ϕ′(t) =
∂f

∂x2
(a+ h, b+ tk)(k)− ∂

∂x2
(a+ h, b)(k)

∥ϕ(1)− ϕ(0)∥ ≤ 2ε∥k∥

(by the Gronwall’s inequality)

∥f(a+ h, b+ k)− f(a+ h, b)− ∂f

∂x2
(a+ h, b)(k)∥ ≤ 2ε∥k∥

So, ∥f(a+ h, b+ k)− f(a+ h, b)− ∂
∂x2

(a+ h, b)(k)∥ = o(max{∥h∥, ∥k∥}) (since f has second partial derivatives).
(f has a 1-st partial differential:)∥∥∥∥(f(a+ h, b)− f(a, b)− ∂f

∂x1
(a, b)(h)

)∥∥∥∥ = o(max{∥h∥, ∥k∥})

(Continuity of ∂
∂x2

:) ∥∥∥∥ ∂

∂x2
(a+ h, b+ k)− ∂

∂x2
(a, b)(k)

∥∥∥∥ = o(max{∥h∥, ∥k∥})

Taking the sum, we get:

∥f(a+ h, b+ k)− f(a, b)−
(
∂f

∂x1
(a, b)(h) +

∂f

∂x2
(a, b)(k)

)
∥ = o(max{∥h∥, ∥k∥})

5.3.3.5 Theorem Let E and F be normed vector spaces over R, U ⊆ E open, and (fn)n∈N be a sequence of differentiable
mappings from U to F . Let g : U → L (E,F ), suppose that:

1. (dfn)n∈N converges uniformly to g,

2. (fn)n∈N converges pointwisely to some mapping f : U → F (∀p ∈ U , (fn(p))n∈N converges to f(p)).

Then f is differentiable and df = g.

5.3.3.6 Proof Let p ∈ U , ∀(m,n) ∈ N2, we have:

∥fn(x)− fm(x)− (fn(p)− fm(p))∥ ≤

(
sup
ξ∈U

∥dξfm − dξfn∥

)
∥x− p∥

(mean value inequality).
Taking limm→+∞, we get:

∥(fn(x)− f(x))− (fn(p)− f(p))∥ ≤ εn∥x− p∥

where
εn = sup

ξ∈U
∥dξfn − g∥.

So,

∥f(x)−f(p)−g(p)(x−p)∥ ≤ ∥(f(x)−fn(x))−(f(p)−fn(p))∥+∥fn(x)−fn(p)−dfn(x−p)∥ ≤ 2εn∥x−p∥+∥fn(x)−fn(p)−dfn(x−p)∥.

lim sup
x→p

∥f(x)− f(p)− g(p)(x− p)∥
∥x− p∥

≤ 2εn

Taking limn→+∞, we get

lim sup
x→p

∥f(x)− f(p)− g(p)(x− p)∥
∥x− p∥

= 0.
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5.4 Symmetric Group

5.4.1 Permutations, n-cycle and Transposition

Let X be a set. We denote by SX the set of all bijections from X to itself. The elements of SX we call permutations if
the set X is finite. If x1, . . . , xn ∈ X are distinct elements, then (x1, . . . , xn) ∈ SX s.t. xi 7→ xi+1 i = 1, . . . , n− 1; xn 7→ x1
is called an n-cycle. A 2-cycle is called a transposition.

5.4.1.1 Example X = {1, . . . , 7}.
(2 3) ◦ (4 2 1) = (1 4 3 2).

5.4.1.2 Def We denote with orbσ(x) = {σ ◦ · · · ◦ σ︸ ︷︷ ︸
n times

(x), n ∈ N}, x ∈ X,σ ∈ SX .

5.4.1.3 Prop If orbσ(x) is a finite set of d elements, then one has σd(x) = x, orbσ(x) = {x, σ(x), . . . , σd−1(x)}, moreover
σ−1(x) ∈ orbσ(x).

5.4.1.4 Proof The set {(n,m) ∈ N2, n < m, σn(x) = σm(x)} is not empty. Let d′ := min{m − n, (n,m) ∈ N2, n <
m, σn(x) = σm(x)}, where σn(x) = σm(x) ⇔ x = σm−n(x).

Therefore, x, σ(x), . . . , σd
′−1(x) are all distinct.

{x, σ(x), . . . , σd−1(x)} ⊆ orbσ(x). Now use the euclidean division, h = qd′ + r r < d′. σh(x) = σr(x), σqd
′
(x) = x. So

we have d′ = d.
Moreover, σ−1(x) = σd−1(x) ∈ orbσ(x).

5.4.1.5 Remark Let Y ⊆ X, then we have a morphism of groups SY → SX σ 7→

(
x 7→

{
σ(x) if x ∈ Y

x on X\Y

)
.

5.4.1.6 Theorem Let X be a finite set and let α ∈ SX . Then exist d ∈ N and (n1, . . . , nd) ∈ Nd≥2, and pairwise disjoint
subsets X1, . . . , Xd of X of coordinates n1, . . . , nd, together with ni-circles τi of Xi s.t. σ = τ1 ◦ · · · ◦ τd.

In other words, any permutation can be decomposed in the composition of finitely many cycles on disjoint subsets.

5.4.1.7 Proof By induction on the cardinality N of X. The case σ = idX is trival (with d=0). So the case when N = 0, 1
is clear.

Assume N ≥ 2. Take x ∈ X s.t. σ(x) ̸= x and let X1 = orbσ(x). Let Y = X\X1, ∀y ∈ Y we have that σ(y) ∈ Y .
(because if σ(y) ∈ X, by the previous prop σ−1(σ(y)) ∈ X ⇒ y ∈ X). Let τ = σ |y∈ SY . Use the induction hypothesis, we
get X2, . . . , Xd of cardinalities n2, . . . , nd, and ni-cycles τi s.t. τ = τ2 ◦ · · · ◦ τd. Consider τ1 = σ |X1 , then τ1 is a n1-cycle of
X1.

X1 = {x, σx, . . . , σm−1(x)} ⇒ τ = τ1 ◦ · · · ◦ τd.
This theorem says that the group of permutations is generated by cycles.

5.4.1.8 Corollary Let X be a finite set. Then SX is generated by transposition.

5.4.1.9 Proof Thanks to the theorem before, it is enough to decompose cycles in terms of transpositions.
(x1, x2, . . . , xn) = (x1, x2) ◦ (x2, . . . , xn) = · · · = (x1, x2) ◦ · · · ◦ (xn−1, xn).

5.4.1.10 Remark The decomposition in terms of transposition is not unique.

5.4.2 Adjacent

Consider Sn a transposition is called adjacent if is of the form (j, j + 1), for j = 1, . . . , n− 1.

5.4.2.1 Corollary Sn can be generated by adjacent transpositions.

5.4.2.2 Proof It’s enough to decomprise transpositions, because of the previous Cor.
i < j: (i, j) = (i, i+ 1) ◦ (i+ 1, i+ 2) ◦ · · · ◦ (j − 1, j) ◦ (j − 2, j − 1) ◦ · · · ◦ (i, i+ 1).

5.4.3 Some Extra Information on Sn

5.4.3.1 Cayley Theorem Any finite group can be embedded (injection morphism) in a Sn for some n ∈ N.

5.4.3.2 Proof Let |G| = n, φ : G→ SG
∼= Sn, g 7→ lg, lg(x) = gx.
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5.4.3.3 Theorem Assume that X is finite, and σ ∈ SX can be written as σ = τ1◦· · ·◦τd where each τi is a transposition.

We define sgn(σ) = (−1)d.
This is a well-defined function and, moreover, sgn : SX → {1,−1} is a morphism of groups.

5.4.3.4 Proof Let us define the map ϕ : SX → Q \ {0}, ϕ(σ) =
∏

(i,j)∈{1,...,n}2
σ(i)−σ(j)

i−j .

Let θ = {(i, j) ∈ {1, . . . , n}2|i < j}.
ϕ(σ ◦ τ) =

∏
(i,j)∈θ

σ(τ(i))−σ(τ(j))
i−j =

(∏
(i,j)∈θ

σ(τ(i))−σ(τ(j))
τ(i)−τ(j)

)(∏
(i,j)∈θ

τ(i)−τ(j)
i−j

)
= ϕ(σ)ϕ(τ)

ϕ(σ) = −1 if σ is a transposition. Therefore, since σ = τ1 ◦ · · · ◦ τd, ϕ(σ) = (−1)d.

5.5 Symmetry of Multilinear Maps

In this section, we fix a commutative unitary ring K, and two K−modules E,F .

5.5.0.1 Def Let n ∈ N and f ∈ Hom(n)(En, F ) if for any σ ∈ Sn one has f(x1, · · · , xn) = f(xσ(1), · · · , xσ(n)).
∀(x1, · · · , xn) ∈ En. We say that f is symmetric.

If for any (i, j) ∈ {1, · · · , n}2 and any (x1, · · · , xn) ∈ En s.t. xi = xj one has that f(x1, · · · , xn) = 0, we say that f is
alternating.

5.5.0.2 Prop Suppose that f ∈ Hom(n)(En, F ) is alternating, then f(x1, · · · , xn) = sgn(σ)f(xσ(1), · · · , xσ(n)), ∀(x1, · · · , xn) ∈
En, ∀σ ∈ Sn.

5.5.0.3 Proof By what we proved on permutations, it is enough to prove the Prop for adjacent transpositions. Let i ∈
{1, · · · , n−1}, then 0 = f(x1, · · · , xi−1, xi+xi+1, xi+xi+1, xi+2, · · · , xn) = f(x1, · · · , xn)+f(x1, · · · , xi−1, xi+1, xi, · · · , xn).

5.5.0.4 Def We denote by Hom
(n)
S (En, F ) and Hom(n)

a (En, F ) the set of symmetric and alternating n−linear maps from

En to F . These are sub-K-modules of Hom(n)(E,F ) and when n = 1, Hom
(1)
S (E,F ) = Hom(1)

a (E,F ) = Hom(E,F ).
E, F are two normed vector spaces over R. f : E → F , is differentiable (twice): df : E → L (E,F ), D2f : E →

L (E,F )) ∼= L 2(E2, F ).

5.5.0.5 Theorem (Schweiz) U ⊆ E is an open set, f : U → F is a function of class Cn. Then for any p ∈ U Dnf(p) ∈
L n(En, F ) is symmetric.

5.5.0.6 Proof By induction and by the fact that permutations are decomposed in transpositions, we can induce to prove
only the case n = 2.

dp+uf − dpf = D2f(p)(u, ·) + o(u), ∀ε > 0,∃δε > 0 s.t. 0 < ∥u∥ < δ, then take h, k ∈ E, 0 < ∥h∥ < δ
4 , x ∈ B(p, δ2 ), 0 <

∥k∥delta4 .

for any x ∈ B(p, δ2 ), let’s introduce the following function: ϕ(x) = f(x+ k)− f(x)−D2f(p)(k, x).
We use the ”mean value inequality on ϕ”:

∥ϕ(p+ h)− ϕ(p)∥ = ∥f(x+ h+ k)− f(p+ h)−D2f(p)(K, p+ h)− f(p+ k) + f(p) +D2f(p)(k, p)∥∥

= ∥f(x+ h+ k)− f(p+ h)− f(p+ k)−D2f(p)(k, h) ≤ ( sup
t∈[0,1]

∥dp+th(ϕ)∥)∥h∥)

∥dp+th(ϕ)∥ = ∥dp+th+kf − dp+thf −D2f(p)(k, ·)∥

Add and subtract dpf , D
2f(p)(th, ·), by applying triangle inequality, we can get:

≤ ∥dp+th+kf − dpf −D2f(p)(k + th, ·)∥+ ∥dp+thf − dpf −D2f(p)(th, ·)∥ ≤ ∥dp+uf − dpf −D2f(p)(u, ·)∥ < ε∥u∥

ε∥th+ k∥+ ε∥th∥ ≤ 2ε(∥h∥+ ∥k∥)

f(p+ h+ k)− f(p+ k)− f(p+ h)−D2f(p)(k, h) + f(p) = o(max{∥h∥, ∥k∥}2)

Exchange the role of h,k, then we get:

∥f(p+ h+ k)− f(p+ k)− f(p+ h)−D2f(p)(h, k) + f∥ = o(max{∥h∥, ∥k∥∥2)

D2f(p)(k, h)−D2f(p)(h, k)∥ = o(max{∥h∥, ∥k∥}2)

This implies that the LHS is 0.
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5.5.0.7 Def Let E,F be normal vector spaces over a complete valued field (K, | · |). Let U ⊆ E, V ⊆ F be open subsets
and f : U → V is a bijection.

1. If f and f−1 are both continuous, we say that f is a homeomorphism.

2. If f and F−1 are both of class en, we say that f is a Cn-diffeomorphism. If (2) is true for any n ∈ N, we say that f is a
C∞-diffeomorphism.

5.5.0.8 Prop Let E and F be Bannach space. Let I(E,F ) ⊆ L (E,F ) be the set of linear, continuous, invertible

maps s.t. ∥ϕ−1∥ < +∞. Then I(E,F ) is open in L (E,F )V . Moreover, the map i : I(E,F ) → I(F,E) ϕ 7→ ϕ−1 is a
C1-diffeomorphism.

5.5.0.9 Proof Let ϕ ∈ I(E,F ), we want to show that ϕ− ψ ∈ I(E,F ) for ψ ∈ L (E,F ) s.t. ∥ψ∥ < 1
∥ψ−1∥ .

Notice that ϕ − ψ = ϕ ◦ (IdE − ϕ−1 ◦ ψ). Since ∥ϕ−1 ◦ ψ∥ ≤ ∥ϕ−1∥∥ψ∥ < 1, it means that the series
∑
n∈N

(φ−1 ◦ ψ)◦n is

absolutely convergent in L (E,E). This series is the inverse of (IdE−φ−1ψ). (Ide−φ−1ψ)◦
N−1∑
n=0

(φ−1◦ψ) = IdE−(φ−1◦ψ)◦N .

Take lim
N→+∞

, then (φ− ψ)−1 =
∑
n∈N

(φ−1 ◦ ψ)◦n ◦ φ−1 and (φ− ψ)−1 = φ−1 + φ−1 ◦ ψ ◦ φ−1 + o(∥ψ∥). Replace the inverse

with i: i(φ− ψ)− i(φ) = φ−1 + φ−1 ◦ ψ ◦ φ−1 + o(∥ψ∥). Then dφi(ψ) = i(φ) ◦ (−ψ) ◦ i(φ). So i is differentiable. Moreover,
i and i−1 are continuous.

5.5.0.10 Remark By induction, we can show that i is a C+∞-diffeomorphism.

5.5.0.11 Prop Let n ∈ N
⋃
{∞} Let E, F, G be normed vector spaces over a complete valued field (K, | · |) U ⊆ E, V ⊆ F

be open sets. f : U → V g : V → G be mappings of class Cn, then g ◦ f also of class Cn.

5.5.0.12 Proof The case where n = 0 is known.
Denote by Φ : L (E,F ) × E → F (β, α) 7→ β ◦ α. Φ is a bounded bilinear mapping: ∥Φ(β, α)∥ ≤ ∥β∥ · ∥α∥. Suppose

that n ≥ 1 and the statement is true for mappings of class Cn−1 g ◦ f is differentiable. ∀p ∈ U dp(g ◦ f) = df(p)g ◦ dpf ,
D1(g ◦ f) : U → L (E,G), D1 = Φ ◦ (D1g ◦ f,D1f), (D1g ◦ f,D1f) : U → L (F,G) × L (E,F ) p 7→ (df(p)g, dpf).
dβ0,α0

Φ(β, α) = β0 ◦α+β0 ◦α, D1Φ : L (F,G)×L (E,F ) → L (L (F,G)×L (E,F ),L (E,G)) (α0, β0) 7→ ((α, β) 7→ β0 =
α+ β0α0).

Since g, f are of class Cn D1f,D1g are of class Cn−1 Thus, by induction hypothesis,

(D1g ◦ f,D1f)

is of class Cn−1. Since Φ is of class C∞, we obtain that D1(g ◦ f) is of class Cn−1 then g ◦ f is of class Cn.

5.5.0.13 Prop Let E and F be Banach space over a complete valued field (K, | · |). U and V be open subsets of E and F
respectively.n ∈ N

⋃
{∞} and f : U → V be a bijection. If f is of class Cn, then f−1 is differentiable, then f−1 is of class

Cn.

5.5.0.14 Proof f ◦ f−1 = IdV . ∀y ∈ V , dy(f ◦ f−1) = df−1(p)f ◦ dyf−1 = IdF . For x ∈ U, y = f(x), dy(f ◦ f−1) =
dxf ◦ dyf−1 = IdF , dx(f

−1 ◦ f) = dyf ◦ dxf−1 = IdE . So dyf
−1 − (dxf)

−1, that is D1f−1 = ι ◦ (D1f ◦ f−1) where
ι : I(E,F ) → I(F,E) ϕ 7→ ϕ−1. Suppose that f−1 is of class Cn−1 then D1f−1 = ιD1f ◦ f−1 is of class Cn−1.

5.5.0.15 Local Inversion Theorem Let E and F be Banach space over R, U ∈ E open, f : U → F be a mapping of
class Cn and a ∈ U . Suppose that daf ∈ I(E,F )(which means daf is invertible and of bounded inverse), then there exists
open neighborhoods V and W of a and f(a) respectively, s.t.:

• V ⊆ U and f(V ) ⊆W

• The restriction of f to V defines a bijection from V to W

• (f |V )−1W → V is of class Cn

5.5.0.16 Proof For y ∈ F consider the mapping:

ϕy : U → F

x 7→ x− (daf)
−1(f(x)− y)

f(x) = y iff ϕy(x) = x i.e. x is a fix point of ϕy ϕy is of class C1 and dxϕy(v) = v− daf
−1(dxf(v)). ∀v, daϕy(v) = 0. By the

continuity of D1f , there exists r > 0 s.t. B(a, r) ⊆ U and ∀y ∈ F,∀x ∈ B(a, r), ∥dxϕy∥ ≤ 1
2 .

By the mean value inequality. ∀(x1, x2) ∈ B(a, r), ∥ϕy(x1)− ϕ=y(x2)∥ ≤ 1
2∥x1 − x2∥. Hence ϕy is contraction.
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By the boundedness of (daf)
−1 , ∃δ > 0 s.t. ∀y ∈ B(f(a), δ) ∥(daf)−1(f(a)−y)∥ ≤ r

2 . Then ∀x ∈ B(a, r) y ∈ B(f(a), δ)
∥ϕy(x)− a∥ ≤ ∥ϕy(x)− ϕy(a)∥+ ∥ϕy(a)− a∥ ≤ 1

2∥x− a∥+ r
2 ≤ r

2 + r
2 = r, ϕy(⊣,∇) ∈ B(a, r). By the fixed point theorem,

∃g : B(f(a), δ) → B(a, r) sending y to the fixed point of ϕy. Let W = B(f(a), g),then g |W : W → V is the inverse of
f |V : V →W . Hence f−1(W ) = V is open.

In the following, we prove that g is of class Cn on an open neighborhood of f(a). By reducing V and W, we may
assume that ∀x ∈ V , dxf ∈ I(E,F ). Let x0 ∈ V y0 = f(x0) x0 = g(y0), y − y0 = f(g(y)) − f(g(y0)) = dx0f(g(y) −
g(y0)) + o(∥g(y)− g(y0)∥). So g(y)− g(y0) = (dxf)

−1(y− y0) + o(∥g(y)− g(y0)∥). Thus leads to g(y)− g(y0) = O(∥y− y0∥)
(∃ϵ > 0 (1− ϵ)∥g(y)− g(y0)∥ ≤ ∥dx0

f∥−1 when ∥y − y0∥ is sufficiently small).
So dy0g = (dxf)

−1. By the previous Prop, g is of class Cn.



Chapter 6

Integration

6.1 Integral Operators

6.1.1 Riesz Space

Let Ω be a non-empty set and S be a vector subspace of RΩ. If for all (f, g) ∈ S2, f ∧g : Ω → R, ω 7→ min{f(ω), g(ω)} ∈
S, we say that S is a Riesz space.

6.1.1.1 Prop

1. For all (f, g) ∈ S2, f ∨ g : Ω → R, ω 7→ max{f(ω), g(ω)} and f ∨ g ∈ S.

2. For all f ∈ S, |f | : Ω → R, ω 7→ |f(ω)| and |f | ∈ S.

6.1.1.2 Proof

1. f ∨ g = f + g − f ∧ g

2. |f | = f ∨ (−f)

6.1.2 Integral Operators

We call an integral operator on S any R-linear mapping I : S → R that satisfies the following conditions:

(1) If f ∈ S is s.t. for all ω ∈ Ω, f(ω) ≥ 0, then I(f) ≥ 0.

(2) If (fn)n∈N is a decreasing sequence of elements in S s.t. for all ω ∈ Ω, limn→+∞ fn(ω) = 0, then limn→+∞ I(fn) = 0.

6.1.2.1 Prop Let (fn)n∈N be an increasing sequence in S that converges pointwisely to some f ∈ S. Then limn→+∞ I(fn) =
I(f).

6.1.2.2 Proof Let gn = f − fn ∈ S, and (gn)n∈N is decreasing and converges pointwise to 0. Then limn→+∞ I(gn) = 0,
so limn→+∞ I(fn) = I(f).

6.1.2.3 Prop Let (fn)n∈N be an increasing sequence in S and f ∈ S. If f ≤ limn→+∞ fn, then I(f) ≤ limn→+∞ I(fn).

6.1.2.4 Proof We have f = limn→+∞ f ∧ fn, so I(f) = limn→+∞ I(f ∧ fn) ≤ limn→+∞ I(fn).

6.1.2.5 Example

(1) Let Ω = R and S be the vector subspace of RR generated by mappings of the form 1]a,b], where (a, b) ∈ R2, a < b.

1]a,b] =

{
1, x ∈]a, b],
0, else.

Any element of S is of the form
∑n
i=1 λi1]ai,bi]. Define I : S → R as I

(∑n
i=1 λi1]ai,bi]

)
=
∑n
i=1 λi(bi − ai). More

generally, if φ : R → R is increasing and right-continuous (∀x ∈ R, limϵ→0+ φ(x + ϵ) = φ(x)), we define Iφ : S → R,
with Iφ

(∑n
i=1 λi1]ai,bi]

)
=
∑n
i=1 λi(φ(bi)− φ(ai)).

(2) (Radon measure) Let Ω be a quasi-compact topological space, and S = C0(Ω) := {f : Ω → R | f is continuous}. Let
I : S → R be R-linear, s.t. for all f ∈ S, f ≥ 0, one has I(f) ≥ 0.

68
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6.1.3 Dini’s Theorem

Let (fn)n∈N be a decreasing sequence in C0(Ω), that converges pointwise to some f ∈ C0(Ω). Then (fn)n∈N converges
uniformly to f .

6.1.3.1 Proof Let gn = fn − f ≥ 0. Fix ϵ > 0. For all n ∈ N, let Un = {ω ∈ Ω | gn(ω) < ϵ} which is open. Moreover,⋃
n∈N Un = Ω (U0 ⊆ U1 ⊆ · · · ). Since Ω is quasi-compact, there exists N ∈ N s.t. Ω = UN . Therefore, for all n ∈ N,

n ≥ N , and for all ω ∈ Ω, we have gn(ω) < ϵ.

6.1.3.2 Corollary If (fn)n∈N ∈ SN is decreasing and converges point-wise to 0, then ∥fn∥sup := supω∈Ω |fn(ω)| converges
to 0 as n → +∞. For all n ∈ N, we have fn ≤ ∥fn∥sup · 1Ω, so 0 ≤ I(fn) ≤ ∥fn∥supI(1Ω) → 0 (n → +∞). (If f ≤ g, then
g − f ≥ 0, so I(g − f) = I(g)− I(f) ≥ 0, and thus I(g) ≥ I(f)).

6.1.4 σ-Algebra

We call a σ-algebra any subset A of P(Ω) that satisfies the following conditions:

• ∅ ∈ A ,

• If A ∈ A , then Ω \A ∈ A ,

• If (An)n∈N ∈ A N, then
⋃
n∈NAn ∈ A .

6.1.5 Measure

Given a σ-algebra A on Ω, we mean by a measure on (Ω,A ) any mapping µ : A → [0,+∞] s.t.

• µ(∅) = 0,

• If (An)n∈N ∈ A N are pairwise disjoint, then mu
(⋃

n∈NAn
)
=
∑
n∈N µ(An).

6.2 Riemann Integral

In this section, we fix a Riesz space S and an integral operator I : S → R.

6.2.1 I-Riemann Integrable

For any f : Ω → R, define I∗(f) := infµ∈S,µ≥f I(µ), I∗(f) := supl∈S,l≤f I(l). If I∗(f) = I∗(f), then we say that f is
I-Riemann integrable and denote the value by I(f) (or I∗(f)).

6.2.2 Riemann Integrable Mappings Linear Extension Theorem

The set R of all I-Riemann integrable mappings forms a vector space of RΩ that contains S. Moreover, I : R → R is a
R linear mapping that extends I : S → R.

6.2.2.1 Proof For all h ∈ S, we have I∗(h) = I∗(h) = I(h), so h ∈ R. Let (f1, f2) ∈ R. If (µ1, µ2) ∈ S2, µ1 ≥ f1, µ2 ≥ f2,
then µ1 + µ2 ∈ S and µ1 + µ2 ≥ f1 + f2, so I(µ1) + I(µ2) ≥ I∗(f1 + f2). Taking the infimum with respect to (µ1, µ2), we
get I∗(f1) + I∗(f2) ≥ I∗(f1 + f2). Similarly, I∗(f1) + I∗(f2) ≤ I∗(f1 + f2). Hence, I∗(f1 + f2) = I∗(f1 + f2) = I(f1) + I(f2).

Let f : Ω → R be a mapping, and λ ∈ R>0. Then I∗(λf) = infµ∈S,µ≥λf I(µ) = λI∗(f), and similarly I∗(λf) = λI∗(f).
Hence, if f ∈ R, then λf ∈ R and I(λf) = λI(f).

Finally, I∗(−f) = −I∗(f) and I∗(−f) = −I∗(f), so if f ∈ R, then −f ∈ R and I(−f) = −I(f).

6.3 Daniell Integral

We fix an integral operator I : S → R.

6.3.1 S↑

Let S↑ =
{
f : Ω → R

⋃
{+∞} | ∃(fn)n∈N ⊆ SN, fn increasing, and f = limn→∞ fn pointwise

}
.

6.3.1.1 Prop Let f, g be elements of S↑ s.t. f ≤ g. Let (fn)n∈N and (gn)n∈N be increasing sequences in S s.t. f =
lim

n→+∞
fn, g = lim

n→+∞
gn. Then lim

n→+∞
I(fn) ≤ lim

n→+∞
I(gn).

6.3.1.2 Proof For any m ∈ N, fm ≤ f ≤ g Hence I(fm) ≤ lim
n→+∞

I(gn). Taking lim
m→+∞

we get lim
m→+∞

I(fm) ≤
lim

n→+∞
I(gn).
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6.3.1.3 Corollary Let f ∈ S↑. If (fn)n∈N and (f̃n)n∈N are both increasing sequences in S s.t. f = lim
n→+∞

fn = lim
n→+∞

f̃n

then lim
n→+∞

I(fn) = lim
n→+∞

I(f̃n) So we denote by I(f) the limit lim
n→+∞

I(fn), which is well-defined. Thus we obtain a mapping

I : S↑ → R
⋃
{+∞} s.t.

• If (fn)n∈N ∈ SN is increasing then I( lim
n→+∞

fn) = lim
n→+∞

I(fn),

• If (f, g) ∈ S↑2, f ≤ g then I(f) ≤ I(g),

• If (f, g) ∈ S↑2 then f + g ∈ S↑ and I(f + g) = I(f) + I(g),

• If f ∈ S↑, λ ≥ 0, then λf ∈ S↑ and I(λf) = λI(f).

6.3.1.4 Prop Let (fn)n∈N ∈ (S↑)N be an increasing sequence and f = lim
n→+∞

fn. Then f ∈ S↑ and I(f) = lim
n→+∞

I(fn)

6.3.1.5 Proof For k ∈ N let (gk,m)m∈N ∈ SN be an increasing sequence s.t. fk = lim
m→+∞

gk,m. For n ∈ N, let hn =

g0,n ∨ · · · ∨ gn,n ∈ S. The sequence (hn)n∈N is increasing. Moreover, fn ≥ fk ≥ gk,n (k ≤ n). Hence fn ≥ hn. Taking
lim

n→+∞
, we get ∀k ∈ N, f = lim

n→+∞
fn ≥ lim

n→+∞
hn ≥ lim

n→+∞
gk,n = fk. Taking lim

k→+∞
, we get f = lim

n→+∞
hn. Hence f ∈ S↑

and I(f) = lim
n→+∞

I(hn) ≤ lim
n→+∞

I(fn). Conversely, ∀n ∈ N, f ≥ fn. Hence I(f) ≥ lim
n→+∞

I(fn).

6.3.2 S↓

Let S↓ = {−f | f ∈ S↑}. We extend I to I : S↓ → R
⋃
{−∞}. By letting I(−f) := −I(f) for f ∈ S↑.

6.3.2.1 Prop Let (f, g) ∈ (S↑⋃S↓)2 If f ≤ g, then I(f) ≤ I(g).

6.3.2.2 Proof It suffices to treat the cases where (f, g) ∈ S↑ × S↓ and (f, g) ∈ S↑ × S↓.

If (f, g) ∈ S↑×S↓, then −f ∈ S↓ and hence g−f ∈ S↑, g−f ≥ 0 In both cases, 0 ≤ I(g−f) = I(g)+I(−f) = I(g)−I(f).

6.3.3 I-Integrable

Let f : Ω → R be a mapping. We define I(f) := inf
µ∈S↑,µ≥f

I(µ) ≤ inf
µ∈S,µ≥f

I(µ) = I∗(f), I(f) := sup
µ∈S↓,µ≤f

I(µ) ≥

sup
µ∈S,µ≤f

I(µ) = I∗(f). If I(f) = I(f) then we say that f is I-integrable (in the sense of Daniell).

6.3.3.1 Remark If f is I-integrable in the sense of Riemann, then it is I-integrable in the sense of Daniell.

6.3.4 Daniell Theorem

The set L1(I) of all I-integrable mappings forms a vector subspace of R. Moreover,

• ∀(f, g) ∈ L1(I) f ∧ g ∈ L1(I);

• I : L1(I) → R is an integral operator extending I : S → R.

6.3.4.1 Proof Let (f1, f2) ∈ L1(I)2, (l1, l2) ∈ S↓2, l1 ≤ f1, l2 ≤ f1. Let (µ1, µ2) ∈ S↑2, f1 ≤ µ1, f2 ≤ µ2. We have
l1 + l2 ≤ f1 + f2 ≤ µ1 + µ2. Taking the supremum with respect to (l1, l2), we get I(f1) + I(f2) = I(f1) + I(f2) ≤ I(f1 + f2).
Taking the infimum with respect to (l1, l2), we get I(f1+f2) ≤ I(f1)+I(f2). Then I(f1+f2) = I(f1+f2). So f1+f2 ∈ L1(I)
and I(f1 + f2) = I(f1) + I(f2).

Similarly, if f ∈ L1(I), λ ≥ 0, then I(λf) = sup
l≤λf,l∈S↓

I(l) = sup
l≤f,l∈S↓

I(λl) = λI(f) = λI(f), I(λf) = λI(f) = λI(f). So

λf ∈ L1(I) and I(λf) = λI(f). Moreover, if f ∈ L1(I), µ ∈ S↑, l ∈ S↓, l ≤ f ≤ µ then −µ ∈ S↓,−l ∈ S↑,−µ ≤ −f ≤ −l.
Hence I(−f) = −I(f) = −I(f) I(−f) = −I(f) = −I(f). So −f ∈ L1(I) and I(−f) = −I(f).

Want to prove that ∀(f1, f2) ∈ L1(I)2, f1 ∧ f2 ∈ L1(I).
Let (f1, f2) ∈ L1(I)2. For any ε > 0, ∃(l1, l2) ∈ S↑ × S↑, (µ1, µ2) ∈ S↓ × S↓ s.t. l1 ≤ f1 ≤ µ1, l2 ≤ f2 ≤

µ2 and I(µ1 − l1) ≤ ε
2 , I(µ2 − l2) ≤ ε

2 . One has l1 ∧ l2 ≤ f1 ∧ f2 ≤ µ1 ∧ µ2, µ1 ∧ µ2 − l1 ∧ l2 ≤ (µ1 − l1) + (µ2 − l2).

Hence I(f1 ∧ f2)− I(f1 ∧ f2) ≤ ε.

6.3.5 Beppo Levi Theorem

Let (fn)n∈N be a monotone sequence of elements of L1(I), which converges pointwisely to some f : Ω → R. If (I(fn))n∈N
converges to a real number α Then f ∈ L1(I) and I(f) = α.
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6.3.5.1 Proof Assume that (fn)n∈N is increasing. Moreover, by replacing fn by fn− f0 we may assume that f0 = 0. Let

ϵ > 0 ∀n ∈ N let µn ∈ S↑ s.t. fn − fn−1 ≤ µn and I(fn − fn−1) ≥ I(µn)− ϵ
2n .

the existence: I(fn − fn−1) = inf
µ∈S↑,µ≥fn−fn−1

I(µ). If ∀µ ∈ S↑, µ ≥ fn − fn−1 one has I(µ) > I(fn − fn−1) +
ϵ
2n , then

I(fn − fn−1) +
ϵ
2n ≤ I(fn − fn−1) contraction.

Thus fn =
n∑
k=1

(fk − fk−1) ≤ µ1 + · · · + µn and I(fn) ≥
n∑
k=1

(I(µk) − ϵ
2k
) ≥ I(µ1) + · · · + I(µn) − ϵ Let µ = µ1 +

· · · + µn + · · · ∈ S↑, I(µ) =
∑
n∈N

I(µn) One has µ ≥ f . lim
n→+∞

I(fn) ≥ I(µ) − ϵ ≥ I(f) − ϵ. Similarly, one can choose

ln ∈ S↓, ln ≤ fn, I(ln) ≥ I(fn) − ϵ, lim inf
n→+∞

I(ln) ≥ α − ϵ. Note that ln ≤ fn ≤ f , so α − ϵ ≤ lim inf
n→+∞

I(ln) ≤ I(f). Thus

α− ϵ ≤ I(f) ≤ I(f) ≤ α+ ϵ. Let ϵ→ 0 we get I(f) = I(f) = α.

6.3.6 Fatou’s Lemma

Let (fn)n∈N ∈ L1(I)N Assume that there is g ∈ L1(I) s.t. ∀n ∈ N fn ≥ g. If lim inf
n→+∞

fn is a mapping from Ω to R and

lim inf
n→+∞

I(fn) < +∞, then lim inf
n→+∞

fn ∈ L1(I) and I(lim inf
n→+∞

fn) ≤ lim inf
n→+∞

I(fn).

6.3.6.1 Proof For any n ∈ N, let gn = lim
k→+∞

(fn ∧ fn+1 ∧ · · · ∧ fn+k). Then lim inf
n→+∞

fn = lim
n→+∞

gn. For any k,

one has fn ∧ · · · ∧ fn+k ≥ g. Hence I(fn) ≥ lim
k→+∞

I(fn ∧ · · · ∧ fn+k) ≥ I(g). By the theorem of Beppo Levi, gn ∈

L1(I) and I(gn) = lim
n→+∞

I(fn ∧ · · · ∧ fn+k) ≤ I(fn). Note that (gn)n∈N is increasing and lim inf
n→+∞

I(fn) < +∞ Hence

lim
n→+∞

I(gn) = lim inf
n→+∞

I(gn) ≤ lim inf
n→+∞

I(fn) < +∞. By the theorem of Beppo Levi, lim
n→+∞

gn ∈ L1(I) and I(lim inf
n→+∞

fn) =

I( lim
n→+∞

gn) = lim
n→+∞

I(gn) ≤ lim inf
n→+∞

I(fn)

6.3.7 Lebesgue Dominated Convergence Theorem

Let (fn)n∈N be a sequence in L1(I) that converges pointwisely to some f : Ω → R Assume that there exists g ∈ L1(I)
s.t. ∀n ∈ N, |fn| ≤ g Then f ∈ L1(I) and I(f) = lim

n→+∞
I(fn).

6.3.7.1 Proof Apply Fatou’s lemma to (fn)n∈N and (−fn)n∈N to get I(f) ≥ lim sup I(fn) ≥ lim inf I(fn) ≥ I(f).

6.3.7.2 Notation Let φ : R → R be an increasing and right continuous mapping. Let S be the vector subspace of RR gen-
erated by 1]a,b] with (a, b) ∈ R2, a < b. For any f ∈ L1(Iφ). Iφ(f) is denoted as

∫
R f(x)dφ(x). For any subset A of R, if 1Af ∈

L1(I), then
∫
A
f(x)dφ(x) denotes

∫
R 1A(x)f(x)dφ(x) = I(1Af). If (a, b) ∈ R2, a < b,

∫ b
a
f(x)dφ(x) denotes

∫
]a,b]

f(x)dφ(x);∫ a
b
f(x)dφ(x) denotes −

∫
]a,b]

f(x)dφ(x). If φ(x) = x for any x ∈ R, we replace dφ(x) by dx. ∀ϵ > 0,∃δ, m(E) < δ,
∫
E
fdµ <

ϵ.

6.4 Semi-Algebra

6.4.1 Disjoint Union

Let A be sets, then notation A =
⊔
i∈I

Ai denotes:

1. (Ai)i∈I is a pairwisely disjoint family of sets.

2. A =
⋃
i∈I

Ai.

6.4.2 Def

Let Ω be a set. We call a semi-algebra on Ω any C ⊆ P(Ω) satisfies:

1. ∅ ∈ C

2. ∀ (A,B) ∈ C2, A ∩B ∈ C

3. ∀ (A,B) ∈ C2, ∃ (Ci)
n
i=1 a finite family of elements in C s.t. B\A =

n⊔
i=1

Ci

6.4.2.1 Algebra Let C be a semi-algebra on Ω. The set{
A ∈ P(Ω)

∣∣∣∣∃ n ∈ N, ∃ (Ai)
n
i=1 ∈ Cn, s.t. A =

n⊔
i=1

Ai

}
called the algebra generated by C.
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6.4.2.2 Prop Let C be a semi-algebra on Ω, A be the algebra generated by C. Then:

1. ∅ ∈ A;

2. ∀ (A,B) ∈ A2, A ∩B ∈ A, B\A ∈ A, A
⋃
B ∈ A.

6.4.2.3 Proof By Def, ∅ ∈ A, C ⊆ A.
Moreover, if A and B be elements of A s.t. A ∩B = ∅, then A

⋃
B ∈ A.

Let A =
n⊔
i=1

Ai, B =
m⊔
j=1

Bj , then A
⋃
B =

⊔
(i,j)∈{1,··· ,n}×{1,··· ,m}

Ai ∩Bj . Hence A ∩B ∈ A.

Since B\A = ((B\A1)\A2 · · · )\An, by induction, it suffices to treat the case where A ∈ C.
Then B\A =

⊔
Bj\A

∈ A. Finally, A
⋃
B = (A ∩B) ⊔ (A\B) ⊔ (B\A).

6.4.2.4 Prop Let C be a semi-algebra on Ω, A be a algebra generated by C.
Let S be the vector subspace of RΩ over R generated by mappings of the form:

1A, A ∈ C ( then ∀ B ∈ A, 1B ∈ S)

I : S → R be a R-linear mapping. Suppose that: ∀ (f, g) ∈ S × S s.t. f ≤ g, one has I(f) ≤ I(g). Then: I is an
integral-operator iff for any decreasing (⊆) sequence (An)n∈N in AN s.t.

⋂
n∈N

An = ∅, one has lim
n→+∞

I(1An
) = 0.

6.4.2.5 Lemma ∀ (f, g) ∈ S2, f ∧ g ∈ S.

6.4.2.6 Proof ∀ A ∈ A, ∃ (Ai)
n
i=1 ∈ Cn, A =

n⊔
i=1

Ai, so 1A =
n∑
i=1

1Ai
∈ S.

⇒: Suppose that I is an integral operator, (1An
)n∈N is a decreasing sequence in S and lim

n→+∞
1An

(ω) = 0, ∀ ω ∈ Ω. Hence,

lim
n→+∞

I(1An) = 0.

⇐: Let (Fn)n∈N be a decreasing sequence in S that converges pointwisely to 0.
Let B0 = {ω ∈ Ω|f0(ω) > 0} ∈ A, M = max f0(Ω).

Lemma: ∀f ∈ S, ∃(Ai)ni=1 ∈ Cn pairwise disjoint, and (λi)
n
i=1 ∈ Rn, f =

n∑
i=1

λi1Ai
.

Proof: f is of the form
m∑
j=1

aj1Bj
, where Bj ∈ C. For any subset I ⊆ {1, . . . ,m}, I ̸= ∅, I ̸= {1, . . . ,m}, let

BI =

(⋂
i∈I

Bi

)
∩

( ⋂
j∈{1,...,m}\I

(Ω \Bj)

)
, if I = {1, . . . ,m}, let BI =

⋂
i∈I

Bi. Then (BI)I⊆{1,...,m} are pairwise disjoint.

Moreover, since I ̸= ∅, BI ∈ C. We have Bj =
⊔

I⊆{1,...,m},j∈I
BI . Hence f =

∑
∅ ̸=I⊆{1,...,m}

(∑
j∈I

aj

)
1BI

.

Corollary:

1. If f ∈ S, then f ∧ 0 ∈ S.

2. If (f, g) ∈ S2, then f ∧ g = (f − g) ∧ 0 + g ∈ S.

So we proved the 6.4.2.5 Lemma mentioned before.
For any ε > 0, Aεn = {ω ∈ Ω|fn(ω) ≥ ε} ∈ A. Moreover, since lim

n→+∞
fn = 0,

⋂
n∈N

Aεn = ∅. Note that 0 ≤ fn ≤

ε1B +M1Aε
n
, so 0 ≤ I(fn) ≤ εI(1B) +MI(1Aε

n
), which leads to lim sup

n→+∞
I(fn) ≤ εI(1B), ∀ ε > 0. So lim

n→+∞
I(fn) = 0.

6.4.2.7 Example Ω = R, C = {]a, b]|(a, b) ∈ R2, a ≤ b}, A = algebra generated by C, φ : R → R be an increasing right
continuous mapping.
Iφ : S → R, Iφ(1]a,b]) = φ(b)− φ(a)

In the following, we will prove that Iφ is a well-defined integral operator.

6.4.2.8 Lemma ∀ ε > 0, ∀ A ∈ A, A ̸= ∅, ∃B ∈ A s.t. ∅ ≠ B̄ ⊆ A and Iφ(1A)− Iφ(1B) ≤ ε.

6.4.2.9 Proof We first consider the case where A ∈ C, A =]a, b], a < b. By the right continuity of φ, ∃ a′ ∈]a, b[ s.t.
φ(a′)− φ(a) ≤ ε. Let B =]a′, b[, B̄ = [a′, b] ⊆]a, b], Iφ(1B) = φ(b)− φ(a),

Iφ(1A) − Iφ(1B) = φ(a′) − φ(a) ≤ ε. In general, A =
n⊔
i=1

Ai with Ai ∈ C, ∀ i ∈ {i, · · · , n}, ∃ Bi ∈ C, ∅ ≠ B̄i ⊆ Ai,

I(1Ai)− I(1Bi) ≤ ε
n , B =

m⊔
j=1

Bj , then I(1A)− I(1B) ≤ ε.

6.4.2.10 Theorem Iφ is an integral operator.
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6.4.2.11 Proof Let (An)n∈N be a decreasing sequence in A s.t.
⋂
n∈N

An = ∅. Let ε > 0, for any n ∈ N, let Bn ∈ A s.t.

∅ ≠ B̄n ⊆ An and Iφ(1An
)− Iφ(1Bn

) ≤ ε
2n . Note that B̄ is compact. For any n ∈ N, let Cn = B0 ∩ · · · ∩Bn ⊆ B̄0 ∩ · · · ∩ B̄n.

Since
⋂
n∈N

An = ∅,
⋂
n∈N

B̄n = ∅. Hence ∃ N ∈ N,
N⋂
n=0

B̄n = ∅. Moreover,

Bn\Cn = Bn\(Bn ∩ Cn−1) = Bn\Cn−1 ⊆ An\Cn−1 ⊆ An−1\Cn−1

Hence Iφ(1An\Cn
) = Iφ(1Bn\Cn

) + Iφ(1An\Bn
) ≤ Iφ(1An−1\Cn−1

) + ε
2n . So Iφ(1An

) ≤ ε, ∀ n ≥ N . Thus lim
n→+∞

Iφ(1An
).

6.4.2.12 Prop Let µ : C → R≥0 be a mapping s.t. for any (A,B) ∈ C2, A ⊆ B, and any (Ci)
n
i=1 ∈ Cn s.t. B \A =

n⊔
i=1

Ci,

one has µ(B) = µ(A) +
n∑
i=1

µ(Ci).

Then there is a unique R-linear mapping Iµ : S → R s.t. Iµ(1A) = µ(A) for all A ∈ C.

6.4.2.13 Proof We intend to define Iµ

(
n∑
i=1

λi1Ai

)
as

n∑
i=1

λiµ(Ai) for Ai ∈ C.

We need to check that if f ∈ S is written as f =
n∑
i=1

λi1Ai =
m∑
j=1

ξj1Bj , then
n∑
i=1

λiµ(Ai) =
m∑
j=1

ξjµ(Bj).

We have 0 =
n∑
i=1

λiµ(Ai)−
m∑
j=1

ξjµ(Bj).

It suffices to prove that if
n∑
i=1

ai1Ai
= 0 for ai ∈ R and Ai ∈ C, then

n∑
i=1

aiµ(Ai) = 0.

For I ⊆ {1, . . . , n}, let AI = {ω ∈ Ω | ∀i ∈ I, ω ∈ Ai,∀i ∈ {1, . . . , n} \ I, ω ∈ Ω \Ai} ∈ A , when I ̸= ∅.

Lemma: Let B ∈ A . If B =
n⊔
i=1

Bi =
m⊔
j=1

Cj with Bi ∈ C and Cj ∈ C, then
n∑
i=1

µ(Bi) =
m∑
j=1

µ(Cj). In particular, we can

extend µ : C → R≥0 to µ : A → R≥0 s.t. for any D1, . . . , Dn in A disjoint, µ(D1

⊔
· · ·
⊔
Dn) =

n∑
i=1

µ(Di).

Proof: We have Bi =
m⊔
j=1

(Bi ∩ Cj), so µ(Bi) =
m∑
j=1

µ(Bi ∩ Cj).

Therefore,
n∑
i=1

µ(Bi) =
n∑
i=1

m∑
j=1

µ(Bi ∩ Cj) =
m∑
j=1

n∑
i=1

µ(Cj ∩Bi) =
m∑
j=1

µ(Cj).

Returning to the proof of the proposition, we have 0 =
n∑
i=1

ai1Ai
=

∑
∅ ̸=I⊆{1,...,n}

(∑
i∈I

ai

)
1AI

.

Hence, when AI ̸= ∅, we have
∑
i∈I

ai = 0.

Thus,
n∑
i=1

aiµ(Ai) =
n∑
i=1

ai
∑

I⊆{1,...,n}
µ(AI) =

∑
∅̸=I⊆{1,...,n}

µ(AI)
∑
i∈I

ai = 0.

6.5 Integrable Functions

In this section, let Ω be a set, s ⊆ RΩ be a vector space over R. ∀ (f, g) ∈ S2, f ∧g ∈ S, I : S → R be a integral operator.

6.5.1 Prop

Suppose that 1Ω ∈ L1(I)↑, the set G = {A ⊆ Ω|1A ∈ L1(I)↑} is a σ-algebra on Ω. Moreover, if we denote by
µ : G → R≥0, then mapping defined as µ(A) := I(1A), then µ satisfies: ∀ (An)n∈N ∈ GN that is pairwisely disjoint, then
µ(
⋃
n∈N

An) =
∑
n∈N

µ(An).

6.5.2 Proof

1. ∅ ∈ G, since 0 = 1∅ ∈ L1(I)↑. Ω ∈ G, since 1Ω ∈ L1(I)↑.

2. If A and B are elements of G, A ⊆ B, then 1A ≤ 1B , so 1B − 1A = 1B\A ∈ L1(I)↑

3. If (A,B) ∈ G2, 1A
⋃
B = 1A∧1B ∈ L1(I)↑, soA

⋃
B ∈ G. If (An)n∈N ∈ Gn, A =

⋃
n∈N

An, then 1A = lim
n→+∞

1A0

⋃
···

⋃
An

∈

L1(I)↑ =⇒ A ∈ G. 1 ⋃
n∈N

An
= lim
n→+∞

1A0
⋃
···

⋃
An

= lim
n→+∞

n∑
i=0

1Ai

µ(
⋃
n∈N

An) = I(1 ⋃
n∈N

An
) = lim

n→+∞
I(

n∑
i=1

1Ai
) = lim

n→+∞
(µ(A0) + · · ·+ µ(An)) =

∑
n∈N

µ(An)

(Using Beppo Levi Theorem).
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6.6 Limit and Differential of Integrals with Parameters

Let Ω be a set, S ⊆ R be an R-vector subspace s.t. ∀ (f, g) ∈ S2, f ∧ g ∈ S Let I : S → R be an integral operator.

6.6.0.1 Theorem Let X be a topological space, p ∈ X, f : Ω×X → R be a mapping, g ∈ L1(I). Suppose that:

1. ∀ ω ∈ Ω, f(ω, ·) : X → R, x 7→ f(ω, x) is continuous at p.

2. ∀ n ∈ X, f(·, x) : X → R, x 7→ f(ω, x) belongs to L1(I) and ∀ ω ∈ Ω, |f(ω, x)| ≤ g(ω).

3. p has a countable neighborhood basis in X.

Then (x ∈ X) 7→ I(f(·, x)) is continuous at p

6.6.0.2 Proof Take ω ∈ Ω, Let (xn)n∈N be a sequence in X that converges to p. Then for any n, fn : Ω → R,
fn(ω) := f(ω, x), one has |fn| ≤ g. Moreover, ∀ ω ∈ Ω, lim

n→+∞
fn(ω) = lim

n→+∞
f(ω, x) = f(ω, p). Then, by Dominated

Convergence Theorem, lim
n→+∞

I(fn) = I(f(·, p)).

6.6.0.3 Theorem Let J be an open interval in R, f : Ω× J → R be a mapping, g ∈ L1(I).
Assume that:

1. ∀ ω ∈ Ω, f(ω, ·) : J → R, f 7→ f(ω, t) is differentiable. (We denote by ∂f
∂t (ω, t) the derivation at t) ∀ t ∈ J ,∣∣∣∂f∂t (ω, t)∣∣∣ ≤ g(ω)

2. ∀ t ∈ J ,, f(·, t) : Ω → R, ω 7→ f(ω, t) belongs to L1(I)

Then, φ : J → R, t 7→ I(f(·, t)) is differentiable, and φ′(t) = I(∂f∂t (·, t))

6.6.0.4 Proof Let a ∈ J and (tn)n∈N be a sequence in J\{a} s.t. lim
n→+∞

tn = a. Then

φ(tn)− φ(a)

tn − a
= I

(
f(·, tn)− f(·, a)

tn − a

)
∀ ω ∈ Ω,

∣∣∣ f(ω,tn)−f(ω,a)tn−a

∣∣∣, and its limit is ∂f
∂t (ω, t). Then lim

n→+∞
φ(tn)−φ(a)

tn−a = I
(
∂f
∂t (·, t)

)

6.7 Measure Theory

6.7.1 Measurable Space

We call measurable space any pair (E, E) where E is a set any E is a σ-algebra on E.
Let (X,ΣX) and (Y,ΣY ) be two measurable spaces. ΣX ⊗R ΣY := σ({S1 × S2 : S1 ∈ ΣX , S2 ∈ ΣY }).

6.7.1.1 Notation Take A ⊆ X × Y .
For x ∈ X, Ax := {y ∈ Y : (x, y) ∈ A} = π2(({x} × Y ) ∩A), called vertical section of A.
For y ∈ Y , Ay := π1((X × {y}) ∩A), called horizontal section of A.

6.7.1.2 Def Let X be a set, then D ⊆ P(X) is a Dynkin system if:

1. X ∈ D.

2. ∀D ∈ D, X\D ∈ D.

3. If {Dn}n∈N is a sequence in D of pairwise disjoint sets, then
⋃
nD)n ∈ D.

A σ-algebra is a Dynkin system.

6.7.1.3 Def Let G ⊆ P(X), then δ(G) ⊆ P(X) is called the Dynkin system generated by G:

1. G ⊆ δ(G);

2. If D is a Dynkin system containing G, then δ(G) ⊆ D.

This is the smallest Dynkin system containing G.

6.7.1.4 Exercise δ(G) exists and it’s unique.

6.7.1.5 Prop If D is a Dynkin system closed under the finite intersection, then it is a σ-algebra.
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6.7.1.6 Proof We have to show that D is closed under any countable union.
Let {Dn} be any sequence in D, define: En := Dn ∩ (X ∪ En) , E0 = D0

Since D is closed under intersection, En ∈ D. Now the En are all disjoint, and by induction we can prove that
⋃n
k=0Ek =⋃n

k=0 Dk. Thus we have shown that
⋃
nDn =

⋃
nEn ∈ D.

6.7.1.7 Prop Let X be a set, and let G ⊆ P (X). Assume that G is closed under finite intersection, then δ(G) = σ(G).

6.7.1.8 Proof We know δ(G) ⊆ σ(G). We need to show that δ(G) is a σ-algebra, so we must demonstrate it is closed
under intersection.

Let D ∈ δ(G), and define δD := {E ⊆ X | E ∩D ∈ δ(G)}. One can claim that δD is a Dynkin system.

1. X ∪D = D, so X ∈ δD.

2. (Paolo) For all E ∈ δD, (X \E)∩D = ((X \E)∩D)∪ ((X \D)∩D) = ((X \E)∪ (X \D))∩D = (X \ (E ∩D))∩D.
Further, (X \ (E ∩D)) ∩D = X \ ((E ∩D) ∪ (X \D)), and (E ∩D) ∩ (X \D) = ∅.
Since E ∩D ∈ δ(G) (because E ∈ δD) and X \D ∈ δ(G) (because D ∈ δ(G)), it follows that (E ∩D)∪ (X \D) ∈ δ(G).
Therefore, (X \ E) ∩D ∈ δ(G), and thus X \ E ∈ δD.

3. (Own) For A ∈ δD, the goal is to show X \A ∈ δD: A∩D ∈ δ(G) and D ∈ δ(G). Then, (A∩D)⊔ (X \D) ∈ δ(G). The
complement is: X \ ((X \ (A ∩D)) ∩D) → (X \ (A ∩D)) ∩D = (X\A)

⋂
D. These things are all in δ(G).

4. Let {En}n∈N be pairwise disjoint elements in δD. Then,(⊔
n

En

)
∩D =

⊔
n

(En ∩D).

Since En ∩D ∈ δ(G) and the disjoint union belongs to δ(G), it follows that
⊔
nEn ∈ δD.

Note that for all G ∈ G, G ⊆ δG, hence δ(G) ⊆ δG. For all (A,B) ∈ δ(G)2, since δ(G) ⊆ δB , A ∈ δB , and thus
A ∩B ∈ δ(G).

6.7.1.9 Theorem Let (X,ΣX , µ) and (Y,ΣY , ν) be two σ-finite measure spaces. Then for any E ∈ ΣX ⊗ ΣY , the
functions fE : X → R ∪ {∞}, x 7→ ν(Ex) and gE : Y → R ∪ {∞}, y 7→ µ(Ey) are ΣX -measurable and ΣY -measurable,
respectively.

6.7.1.10 Proof We prove the result only for fE .
Assume ν is a finite measure (ν(Y ) < +∞). Define F = {E ∈ ΣX ⊗ ΣY | fE is measurable}. We aim to show

F = ΣX ⊗ ΣY .

• Let S1 ∈ ΣX and S2 ∈ ΣY . Then,

(S1 × S2)x =

{
S2 if x ∈ S1,

∅ otherwise.

Thus,
fS1×S2

(x) = ν((S1 × S2)x) = ν(S2)IS1
(x).

Since S1 ∈ ΣX , IS1
is measurable, and ν(S2) is a constant, fS1×S2

is measurable. Hence, S1 × S2 ∈ F .

• Now, show F is a Dynkin system:

1. X × Y ∈ F (take S1 = X, S2 = Y ).

2. Let D ∈ F . Then,
((X × Y ) \D)x = Y \Dx.

Since ν is finite,
f(X×Y )\D(x) = ν(Y \Dx) = ν(Y )− ν(Dx) = ν(Y )− fD(x).

Thus, f(X×Y )\D is measurable, and (X × Y ) \D ∈ F .

3. Let {Dn} be a sequence of disjoint sets in F . Then,

f⊔
nDn

(x) = ν

((⊔
n

Dn

)
x

)
= ν

(⊔
n

(Dn)x

)
=
∑
n

ν((Dn)x) =
∑
n

fDn
(x),

so f⊔
nDn

is measurable.

• Let G = {S1 × S2 | S1 ∈ ΣX , S2 ∈ ΣY }. Then G ⊆ F , and G is closed under intersection:

(S1 × T1) ∩ (S2 × T2) = (S1 ∩ S2)× (T1 ∩ T2).

Hence, δ(G) = σ(G) = ΣX ⊗ ΣY ⊆ F .
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• For the σ-finite case, let Y =
⋃
n Yn with ν(Yn) < +∞. Define disjoint sets Fn = Yn ∩

(
X \

⋃
k<n Yk

)
, so Y =

⊔
n Fn

and ν(Fn) < +∞. Define finite measures ν(n)(E) := ν(E ∩ Fn). Then,

fE(x) = ν(Ex) =
∑
n

ν(n)(Ex) =
∑
n

f
(n)
E (x),

where each f
(n)
E is measurable. Thus, fE is measurable.

6.7.1.11 Prop Let Ω be a set and (Gi)i∈I be a family of σ-algebra on Ω. Then G =
⋂
i∈I

Gi is a σ-algebra.

6.7.1.12 Proof

1. ∅ ∈ G, Ω ∈ G

2. If A ∈ G, then Ω\A ∈ G

3. Let (An)n∈N ∈ GN. For any i ∈ I, (An)n∈N ∈ GN
i , so

⋃
n∈N

∈ Gi, hence
⋃
n∈N

An ∈ G

6.7.1.13 Def Let C ⊆ P(Ω), we denote by σ(C) the intersection of all σ-algebras on Ω containing C. It is the smallest
σ-algebra containing C

6.7.1.14 Example

1. Let (X, τ) be a topological space, σ(τ) is called the Borel σ-algebra of X.

2. On [−∞,+∞], the following σ-algebra are the same:

• G1 = σ({[a,+∞]|a ∈ R})
• G2 = σ({]a,+∞]|a ∈ R})
• G3 = σ({[−∞, a]|a ∈ R})
• G4 = σ({[−∞, a[|a ∈ R})

Moreover, B = {A ⊆ |A ∈ G1} is equal to the Borel σ-algebra of R

6.7.1.15 Proof [a,+∞[=
⋂

n∈N+

]a− 1
n ,+∞] ∈ G2

6.7.1.16 Exercise Borel σ-algebra of R = σ({]−∞, a]|a ∈ R}).

6.7.1.17 Def Let f : X → Y be a mapping of sets. For any CY ⊆ P(Y ), we denoted by f−1(CY ) := {f−1(B)|B ∈ CY }.
For any CX ⊆ P(X), we denoted by f∗(CX) := {B ⊆ Y |f−1(B) ∈ CX}.

6.7.1.18 Prop Let f : X → Y be a mapping. If GY is a σ-algebra on Y , f−1(GY ) is a σ-algebra on X. If GX is a
σ-algebra on X, f∗(GX) is a σ-algebra on Y .

6.7.1.19 Proof

1. ∅ = f−1(∅) ∈ f−1(GY ), ∀ B ∈ GY , X\f−1(B) = f−1(Y \B). If (An)n∈N ∈ GN
Y , A =

⋃
n∈N

An, then
⋃
n∈N

f−1(An) =

f−1(A) ∈ f−1(GY )

2. f−1(∅) = ∅ ∈ GX , so ∅ ∈ f∗(GX). ∀ B ∈ f∗(GX), f−1(Y \B) = X\f−1(B) ∈ GY , so Y \B ∈ f∗(GX). ∀ (Bn)n∈N ∈
f∗(GX)N, B =

⋃
n∈N

Bn, f
−1(B) =

⋃
n∈N

f−1(Bn) so B ∈ f∗(GX)

6.7.1.20 measurable Let (X,GX) and (Y,GY ) be measurable spaces, f : X → Y be a mapping.
If f−1(GY ) ⊆ GX or equivalently GY ⊆ f∗(GX), then we say that f is measurable.

6.7.1.21 Prop Let (X,GX), (Y,GY ) and (Z,GZ) be measurable spaces, f : X → Y and g : Y → Z be measurable
mappings. Then g ◦ f is measurable.

6.7.1.22 Proof ∀ B ∈ GZ , (g ◦ f)−1(B) = f−1(g−1(B)), g−1(B) ∈ GY , so f−1(g−1(B)) ∈ GY .

6.7.1.23 Def Let Ω be a set, ((Ei, Ei))i∈I be a family of measurable spaces. f : (fi)i∈I where fi : Ω → Ei is a mapping.

We denote by σ(f) the σ-algebra on Ω σ

(⋃
i∈I

f−1
i (Ei)

)
. It is the smallest σ-algebra on Ω making all fi measurable.
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6.7.1.24 Prop We keep the notation of the above Def. For any i ∈ I, let Ci ⊆ P(Ei) s.t. σ(Ci) = Ei. Then σ(f) =

σ(
⋃
i∈I

f−1
i (Ci)).

6.7.1.25 Proof Let g = σ(
⋃
i∈I

f−1
i (Ci)), by definition, G ⊆ σ(f). For any i ∈ I, fi,∗(σ(f

−1
i (Ci))) is a σ-algebra on Ei

containing Ci. So Ei ⊆ fi,∗(σ(f
−1
i (Ci))). which leads to f−1

i (Ei) ⊆ σ(f−1
i (Ci)) ⊆ G. Hence

⋃
i∈I

f−1
i (Ei) ⊆ G ⇒ σ(f) ⊆ G.

6.7.1.26 Corollary Let (X,GX) and (Y,GY ) be measurable spaces, f : X → Y be a mapping. CY ⊆ GY s.t. σ(CY ) = GY .
Then f is measurable iff ∀ B ∈ CY , f−1(B) ∈ GX .

6.7.1.27 Proof σ(f) = σ(f−1(CY )) is measurable iff σ(f) ⊆ GX

6.7.1.28 Example Let ((Ei, Ei))i∈I be a family of measurable spaces, E =
∏
i∈I

Ei. ∀ i ∈ I, πi : E → Ei, (xj)j∈I 7→ xi.

We denote by
⊗
i∈I

Ei the σ-algebra σ((πi)i∈I).

6.7.1.29 Prop Let X be a set, ((Ei, Ei))i∈I be measurable spaces, (Ω,G) be a measurable space. f = (fi : X → Ei)i∈I
be mappings. Then φ : (Ω,G) → (X,σ(f)) is measurable iff ∀ i ∈ I, fi ◦ φ : (Ω,G) → (E, Ei) is measurable.

6.7.1.30 Proof ⇒: If φ is measurable since each fi is measurable, one has fi ◦ φ is measurable.

⇐: If fi ◦ φ is measurable, ∀ B ∈ Ei, (fi ◦ φ)−1(B) = φ−1(f−1(B)) ∈ G. Hence φ−1

(⋃
i∈I

f−1(Ei)
)

⊆ G, since σ(f) =

σ

(⋃
i∈I

f−1(Ei)
)
, φ is measurable.

6.7.1.31 example Let (Ω,G) be a measurable space.

1. ∀ A ∈ G, 1A : Ω → R is measurable. For any U ⊆ R, 1−1
A (U) = A or Ω\A or Ω or ∅.

2. Let X ,Y be topological spaces. If f : X → Y is a continuous mapping, then f is measurable with respect to Borel
σ-algebra.

3. Let (Ω,G) be a measurable space. If f, g : Ω → R are measurable, then

(f + g) (f × g) (f ∧ g) (f ∨ g)

are all measurable.

4. Let (fn)n∈N be a family of measurable mappings from Ω to [−∞,∞] f = sup
n∈N

fn (It’s necessary to be countable fn). Then

f is measurable. (Similarly, inf
n∈N

is measurable). In fact, for any q ∈ R, {ω ∈ Ω|f(ω) > a} =
⋃
n∈N

ω ∈ Ω|fn(ω) > a ∈ G

6.8 Measure

6.8.1 σ-Additive

Let Ω be a set, C be a semi-algebra on Ω. µ : C → R≥0 be a mapping. If ∀ n ∈ N, ∀ (Ai)
n
i=1 ∈ Cn pairwisely disjoint with

A =
n⊔
i=1

Ai ∈ C, one has µ(A) = µ(A1) + · · ·+ µ(An), we say that µ is additive.

Let S = R-vector subspace of RΩ generated by (1A)A∈C , then Iµ : S → R,
n∑
i=1

λi1Ai
7→

n∑
i=1

λiµ(Ai) is well-defined. If Iµ is

an integral operator, we say that µ is σ-additive.

6.8.2 Measure Space

Let (Ω,G) be a measurable space, µ : G → [0,+∞] be a mapping. If µ(∅) = 0 and if for any (An)n∈N ∈ GN pairwisely

disjoint, µ

( ⋃
n∈N

An

)
=
∑
n∈N

µ(An), (Ω,G, µ) is called a measure space.

6.8.2.1 Def If ∃ (An)n∈N ∈ GN s.t. Ω =
⋃
n∈N

An and µ(An) < +∞, then µ is said to be σ-finite

6.8.2.2 Example (R,B(R), λ) is σ-finite because R =
⋃
n[−n, n].
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6.8.3 Caratheodory

Let Ω be a set, C be a semi-algebra on Ω, µ : Ω → R≥0 be a σ-additive mapping. Assume that there is a sequence
(An)n∈N ∈ CN s.t. Ω =

⋃
n∈N

An. The µ extends to a σ-finite measure on σ(C)

6.8.3.1 Proof Let S ⊆ R be the vector subspace generated by 1A, A ∈ C. Let G = {A ⊆ Ω|1A ∈ L1(Iµ)
↑}, then G is a

σ-algebra containing C. Hence, σ(C) ⊆ G.
Moreover, (A ∈ G) 7→ Iµ(1A) is a measure on G, which is σ-algebra.

6.8.3.2 Example Ω = R, C = {]a, b]|(a, b) ∈ R2, a < b}, σ(C) = Borel σ-algebra, φ : R → R is increasing right
continuous. µφ : C → R≥0, ]a, b] 7→ φ(b)− φ(a) is σ-additive.
Hence, µφ extends to a measure σ(C) → [0,+∞] called the Stieltjes measure. In particular case where µ(x) = x, ∀ x ∈ R,
µφ is called a Lebesgue measure.

6.8.3.3 Def Let (Ω,G, µ) be a σ-finite measure space, where φ = {A ∈ G|µ(A) < +∞} is a semi-algebra and σ(C) = G,
and µ|C is additive. We denoted by L1(Ω,G, µ) the set of measurable mappings f : Ω → R, that belongs to L1(Iµ). For

f ∈ L1(Ω,G, µ)↑, Iµ(f) is denoted as: ∫
Ω

f(ω)µ(dω)

Particular case:
If Ω = R, µ = µφ Stieltjes measure,

∫
R f(x)µφ(dx) is denoted as

∫
R f(x)dφ(x).

6.8.3.4 Prop Let (Ω,G, µ) be a σ-finite measure space, f : Ω → R be a measurable mapping. If ∃ g ∈ L1(Ω,G, µ), g ≤ f ,

then f ∈ L1(Ω,G, µ)↑.

6.8.3.5 Proof By replacing f by f − g, we may assume that g = 0. Consider first the case where f = 1B , B ∈ G. Let

(An)n∈N be an increasing sequence in G, µ(An) < +∞,,
⋃
n∈N

An = Ω. Then 1B = lim
n→+∞

1B∩A ∈ L1(Ω,G, µ)↑. In general,

f = lim
n→+∞

fn,

fn =

n2n−1∑
k=0

k

2n
1{ω∈Ω| k

2n ≤f(ω)< k+1
2n } + n1{ω∈Ω|f(ω)≥n}

6.8.3.6 Corollary Let f : Ω → R be a measurable mapping. Then f ∈ L1(Ω,G, µ) iff
∫
Ω
|f(ω)|µ(dω) < +∞.

6.8.3.7 Proof ⇒:
One has f ∈ L1(Iµ), hence |f | ∈ L1(Iµ), so Iµ < +∞ ⇐:
Suppose that

∫
Ω
|f(ω)|µ(dω) < +∞, since f ∨ 0 and −(f ∧ 0) belong to L1(Ω,G, µ)↑, and f ∨ 0 ≤ |f |, −(f ∧ 0) ≤ |f |, so f ∨ 0

and −(f ∧ 0) belong to L1(Ω,G, µ). Hence, f = f ∨ 0− f ∧ 0 ∈ L1(Ω,G, µ).

6.9 Fundamental Theorem of Calculus

6.9.0.1 Theorem Let J be an open interval over R, x0 ∈ J , f : J → R be a continuous mapping.

1. ∀ (a, b) ∈ J2, a < b,

1]a,b]f :

R → R
x 7→ f(x) x ∈]a, b]

0 x /∈]a, b]

belongs to L1(R,B, µ), where B is Borel σ-algebra, µ is Lebesgue measure.

2. Let F : J → R, F (x) :=
∫ x
x0
f(t)dt. Then F is differentiable on J with F ′(x) = f(x)

6.9.0.2 Corollary If G : J → R is a mapping s.t. G′ = f , then ∀ (a, b) ∈ J2, a < b, G(b)−G(a) =
∫ b
a
f(t)dt

6.9.0.3 Proof

1. f is bounded by [a, b], hence
∫
R 1]a,b] |f |dx < +∞.

2. Let x ∈ J , h > 0 s.t. [x, x + h] ⊆ J , f is uniformly continuous on [x, x + h]. For 0 < t ≤ h, inf f|[x,x+h] ≤
F (x+t)−F (x)

t = 1
t

∫ x+t
x

f(s)ds ≤ sup f|[x,x+h], since f is continuous, lim
t→0

inf f|[x,x+h] = lim
t→0

sup f|[x,x+h] = f(x), so

lim
t>0, t→0

F (x+t)−F (x)
t = f(x)h. Similarly, lim

t>0, t→0

F (x)−F (x−t)
t = f(x)h, hence F ′(x) = f(x).
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6.9.0.4 Remark

1. Let F and G be two mappings of class C1 from J to R, then F × G is of class C1 and (F × G)′ = F ′ × G + F × G′.

Let f = F ′, g = G′, then ∀ (a, b) ∈ J2, a < b,
∫ b
a
f(t)G(t)dt = F (b)G(b)− F (a)G(a)−

∫ b
a
F (t)g(t)dt.

2. Let φ : I → J be a mapping of class C1, where I is an interval. Let F : J → R be a mapping of class C1,

(f ◦ φ)′(x) = F ′(φ(x))φ′(x). Then ∀ (α, β) ∈ I2, α < β,
∫ β
α
F ′(φ(x))φ′(x)dx = (F ◦ φ)(β)− (F ◦ φ)(α).

6.10 Lp space

6.10.0.1 Def We fix a measure space (Ω,G, µ). Let p ∈ R≥1, we denote by Lp(Ω,G, µ) the set of measurable mappings

f : Ω → R, s.t. ∥f∥Lp :=
(∫

Ω
|f(x)|pµ(dx)

) 1
p .

6.10.0.2 Lemma Let (p, q) ∈ R2
≥1 s.t. 1

p +
1
q = 1. For any (a, b) ∈ R2, a

p

p + bq

q ≥ ab.

6.10.0.3 Proof Since exp is convex, 1
p exp p ln a+

1
q exp q ln b ≥ exp ln a+ ln b = ab.

6.10.1 Holder’s Inequality

Let f : Ω → R and g : Ω → R be measurable mappings. One has ∥f × g∥L1 ≤ ∥f∥Lp + ∥g∥Lp .

6.10.1.1 Proof Take φ = f
∥f∥Lp

and ψ = g
∥g∥Lp

, |φ(x)ψx| ≤ |φ(x)|p
p + |ψ(x)|q

q .
∫
Ω
|φ(x)ψ(x)|µ(dx)
∥f∥Lp∥g∥Lp

≤
∫
Ω
|f(x)|pµ(dx)
p∥f∥p

Lp
+∫

Ω
|g(x)|qµ(dx)
q∥g∥q

Lp
= 1

p +
1
q = 1.

6.10.1.2 Corollary Let p ≥ 1, ∀ (f, g) ∈ Lp(Ω,G, µ), ∥f + g∥Lp ≤ ∥f∥lp + ∥g∥Lp

6.10.1.3 Proof Apply Holder’s inequality to show: f × (f + g)p−1 and g × (f + g)p−1.



Chapter 7

Multilinear Algebra

7.1 Tensor Products of Linear Spaces

7.1.1 Goal

Study in a systemmetical way the relation between linear mappings and multilinear mappings.

7.1.2 Tensor Products

Let R be a commutative ring with unity.

7.1.2.1 Theorem Let M and N be two R-modules. There exists an R-module denoted by M ⊗R N and a bilinear
mapping t :M ×N →M ⊗R N having the following properties:

1. ∀ R-module P and any bilinear mapping s :M×N → P , ∃! linear mapping fs :M⊗RN → P s.t. s = fs ◦ t. (Universal
property)

2. If T,t’ is another couple satisfying (1) s.t. s = gs ◦ t′, then there exists an unique isomorphism T ∼=M ⊗R N .

7.1.2.2 Proof

1. Let F be the free R-module generated by M ×N , that is, F = {Σfinite(i,j)ai,j(mi, ni) | ai,j ∈ R,mi ∈M,nj ∈ N}.
Let G be the free R-submodule generated by the elements of the following shape (written in the following way):


(m+m′, n)− (m,n)− (m′, n)

(m,n+ n′)− (m,n)− (m,n′)

(rm, n)− r(m,n)

(m, rn)− r(m,n)

∀(m,m′) ∈M2, (n, n′) ∈ N2, r ∈ R.

Then we can define M ⊗R N := F/G, so t(m +m′, n) = t(m,n) + t(m′, n), t(m,n + n′) = t(m,n) + t(m,n′), so t is
bilinear. So fs(G + (m,n)) = s(m,n), which is linear and unique.

2. ft′ ◦ gt ◦ t′ = ft′ ◦ t = t′, so ft′ ◦ gt = IdT . (Using the first property.)

7.1.2.3 Def The R-module M ⊗RN constructed above is called the tensor product of M and N. An element of M ⊗RN
is called tensor. We denote m⊗R n as t(m,n), and any element of the form is called pure tensor.

7.1.2.4 Remark Pure tensors generate M ⊗R N . In particular, any tensor can be written of pure tensors.

7.1.2.5 Corollary The mapping s 7→ fs defined above gives an isomorphism: L (M,N ;P ) ∼= L (M ⊗R N ;P ) for any
R-module P.

7.1.2.6 Proof

• surj: Take ϕ ∈ L (M ⊗R N ;P ), then t ◦ ϕ is bilinear, which is in L (M,N ;P ).

• inj: ∀s ∈ L (m,n;P ), which is bilinear. By 7.1.2.1 Theorem, we can infer that fs exists, hence injective.

80
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7.1.2.7 Prop

1. M ⊗R N ∼= N ⊗RM .

2. M ⊗R (N ⊗R P ) = (M ⊗R N)⊗R P .
So that we can remove the parenthesis and write M1 ⊗RM2 ⊗R · · · ⊗RMn. We call it n-fold tensor product.

3. Show that M1 ⊗RM2 ⊗R · · · ⊗RMn factorizes the multi-linear mappings and L (M1, . . . ,Mn;P ) ∼= L (M1 ⊗R . . .⊗R
Mn;P ). We can solve this by induction.

We have the general definition of tensors product for R-modules, but we are interested in the case where R is a field. And
we will omit R this time.

7.1.2.8 Lemma Let V1, . . . , Vn be vector spaces of finite dimension d. Let {ei1 , ei1 . . . , eidi} be a basis of Vi. Let’s define
the following functions: ϕi1,...,in : V1 × V2 × · · · × Vn → K (v1, . . . , vn) 7→ Πnj=1e

∨
j,ij

(vj). Then the set ϕi1,...,in is a basis of

L (V1, . . . , Vn;K).

7.1.2.9 Proof We do the proof for n = 2, since n = 1 is obvious. Then the generated case follows by induction.
V1 = ⟨e1, . . . , ed1⟩, V2 = ⟨ω1, . . . , ωd2⟩. ϕ denoted by ξi,j(x, y) = e∨i (x)ω

∨
j (y)(x ∈ V1, y ∈ V2).

To show that {ξi,j} is a generated set: Take Φ ∈ L (V1, V2;K), let Ai,j = Φ(ei, ωj) ∈ K. Φ(x, y) = Φ(Σiαei,Σjβjωj) =
Σi,jαiβjΦ(ei, ωj) = Σi,jαiβjAi,j , Let f = Σi,jAi,jξi,j , f(x, y) = f(Σiαei,Σjβjωj) = Σi,jαiβjf(ei, ωj) = Σi,jαiβjAi,j . So we
have proved that ξi,j are system of generators.

Now we prove that ξi,j are linearly independent: Assume that Σi,jAi,jξi,j(x, y) = 0,∀(x, y) ∈ V1 × V2. Put in (x, y) =
(ei, ωj) ⇒ Ai,j = 0 ∀i, j.

7.1.2.10 Prop Assume that V1, . . . , Vn are vector spaces and Vi has basis given by {ei1 , . . . , eidi}. Then B = {e1i1 ⊗ . . .⊗
enin : 1 ≤ ij ≤ dj} is a basis for V1 ⊗ . . .⊗ Vn. In particular, V1 ⊗ . . .⊗ Vn has dimension Πidi.

7.1.2.11 Proof Again we assume n = 2. V1 = ⟨e1, . . . , em⟩, V2 = ⟨ω1, . . . , ωn⟩.
We knew that L (V1, V2;K) ∼= (V1 ⊗ V2)

∨ s 7→ fs. Let’s check what happens when s = ξi,j .

Recall that fξi,j (x⊗ y) = ξi,j(x, y) = e∨i (x)e
∨
j (y). So fξi,j (ek ⊗wl) =

{
1 if (i, j) = (k, l)

0 otherwise.
. It follows that {ek ⊗wl}k,l

is a basis of V1 ⊗ V2.

7.1.3 Tensor Product and Duality

7.1.3.1 Prop Let V1, . . . , Vn be vector spaces as above. Then (V ∨
1 ⊗ . . .⊗ V ∨

n ) ∼= (V1 ⊗ . . .⊗ Vn)
∨.

7.1.3.2 Proof Define V ∨
1 × · · · × V ∨

n → L (V1, . . . , Vn;K) ∼= (V1 ⊗ . . .⊗ Vn)
∨ (ϕ1, . . . , ϕn) 7→ [(v1, . . . , vn) 7→ Πiϕi(vi)].

This map is multi-linear. It descends by the property of tensor product to a map F : V ∨
1 ⊗ . . .⊗ V ∨

n → L (V1, . . . , Vn;K) ∼=
(V1 ⊗ . . .⊗ Vn)

∨ ϕ1 ⊗ . . .⊗ ϕn 7→ [(v1, . . . , vn) 7→ Πiϕi(vi)].
By 7.1.2.10 Prop, these two spaces have the same dim Πdi. It is enough to show that the map is surjective. Let’s do

it for n = 2. (Keep the same notation as above.) Take ξi,j , ξi,j(x, y) = e∨i (x)e
∨
j (y) = F (e∨i ⊗ e∨j ).

7.1.3.3 Prop Let V and W be two vector spaces (finite dim). Then L (V,W ) ∼= V ∨ ⊗W .

7.1.3.4 Proof s : V ∨ × W → L (V,W ) (ϕ,w) 7→ [v 7→ ϕ(v)w]. Let’s check that s is bilinear: ((ϕ + ψ)(v))w =
(ϕ(v) + ψ(v))w = ϕ(v)w + ψ(v)w, ϕ(v)(w + w′) = wϕ(v) + w′ϕ(v), so bilinear.

So it indices fs : V
∨ ⊗W → L (V,W ). We have to show that this is the required isomorphism.

Let {v∨1 , . . . , v∨m be a basis of V ∨ and let {w1, . . . , wn} be a basis of W. Let’s see what happens to fs(v
∨
i ⊗ wj) = [vk 7→

v∨i (vk)wj = δi,kwj ].
Let’s see what happens to fs(v

∨
i ⊗ wj) = [vk 7→ v∨i (vk)wj = Si,kwj ].

Consider the matrix associated to fs with respect to the fixed bases. Call this matrix Ma,b =

{
1 if (a, b) = (j, i)

0 otherwise.
.

The matrices of this form are a basis of L (Km,Kn) ∼= L (V,W ). The proof is over.
An important case of this prop is when V=W, L (V, V ) ∼= V ⊗V . More general, L (V,W ) → V ∨⊗W f 7→ Σai,jv

∨
i ⊗wj .

(ai,j) is exactly the matrix associated to f with respect to the bases {vi} {wi}. For instance V = W , IdV ∈ L (V, V ) 7→
Σiv

∨
i ⊗ vi.

7.1.3.5 Prop Let M,N,P be R-modules. L (M ⊗R N ;P ) ∼= L (M,L (N,P )).

7.1.3.6 Proof Use 7.1.3.3 Prop.
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7.1.3.7 Def LetM1,M2, N1, N2 be R-modules and let fi :Mi → Ni be linear maps. Then we define f1⊗f2 :M1⊗M2 →
N1 ⊗N2 m1 ⊗m2 7→ f1(m1)⊗ f2(m2). This is a linear map.

7.1.4 Extension of Scalars

Let ϕ : R→ S be a ring homomorphism (commutative, with unity). Let M be a R-module. Our goal is to give to M also
a structure of S-module ”carried by ϕ”.

Notice that S has a structure of R-module: s ∈ S, r ∈ R; rs := ϕ(r)s. Now take the tensor product M ⊗R S. By def, it’s
an R-module.

Now we give a structure of S-module to M ⊗R S. Take s ∈ S, m ⊗ s′ ∈ M ⊗R S, s(m ⊗ s′) := m ⊗ ss′ (ss’ is the
multiplication in S). Note that M ⊗R S is a S-module.

Note that we have a map: i : M → M ⊗R S m 7→ m⊗ 1 (map of R-modules). Be careful: In general, the map i is not
injective. e.g. R = Z, S = Z/2Z, α : Z → Z/2Z, M = Z[t]. i(2x) = 2x⊗ 1 = 2(X ⊗ 1) = X ⊗ α(2)× 1 = X ⊗ 0 = 0.

7.1.4.1 Prop Let K ⊆ L be a field extension and let V be a K-vector space. Moreover, let’s denote VL := V ⊗K L. If
{ei}ni=1 is a basis of V, then {ei ⊗ 1} is a L-basis of VL (VL has the same dim of V).

7.1.4.2 Proof The set {ei ⊗ 1} generates VL. In fact, v ⊗ l = (Σαiei ⊗ l) = Σlαi(ei ⊗ 1). We have to show that the
elements are linearly independent. 0 = Σαi(ei ⊗ 1) = Σei ⊗ αi;αi ∈ L. Define the map bi : V × L → L (Σλiei, β) 7→ λiβ.
This map is bilinear.

It induces a map fi = fbi : (Σλiei)⊗β 7→ λiβi. Note that fi(ej⊗β) = δi,jβ. Go back to the expression: fi(Σjej⊗αj) = αi.
But 0 = fi(0) = fi(Σjei ⊗ αj) = αi, ∀i.

7.1.4.3 Remark As a consequence, we have that the map i : V → VL (map of K-vector spaces) is injective.

7.1.4.4 Prop V ⊗K K ∼= V v ⊗ a 7→ av.

7.1.5 Exactness of the Tensor Product

Fix a R-module N, and consider ⊗N :M 7→M ⊗R N for any R-module M.

Moreover, for any linear map f : M → P , we induce a map f ⊗ IdN : M ⊗R N → P ⊗R N . This association sends IdM
to IdM⊗RN and moreover, it’s well behaved with respect to the composition: f◦ 7→ (f ◦ g) ⊗ IdN = (f ⊗ idN ) ◦ (g ⊗ idN ),
g :M → P, f : P → E.

7.1.5.1 Def A sequence of R-modules (chain complex of R-modules) is a diagram of the following form: M1
d1−→M2

d2−→

M3
d3−→ · · · . di are morphisms.

7.1.5.2 Remark di+1 ◦ di = 0 ⇔ Im(di) ⊆ di+1.

Why? Some information about morphisms of R-modules can be nicely expressed in this language.

Here ∀i Mi is an R-module, di is a linear mapping, s.t. ker(di+1) ⊆ Im(di). The sequence is exact when ker(di+1) =

Im(di), ∀i. 0 →M
f−→ N → 0: f is an isomorphism, iff the complex is exact.

Take a morphism f :M → N , then f is injective iff 0 →M
f−→ N is exact, f is surjective iff M

f−→ N → 0 is exact.

The first theorem of homomorphism (namely, Im(f) = f(M/ ker(f))) can be written as an exact sequence: 0 → ker(f)
i−→

M
f−→ Im(f) → 0.

More in general, sequences in the form: 0 →M1 →M2 →M3 → 0 are called short exact sequence.

N,P is an R-module; we have morphisms of R-modules: ∀M, M 7→ M ⊗R N . Let f : M → P be R-linear. f ⊗ idN :
M ⊗R N → P ⊗R N m⊗ n 7→ f(m)⊗ n.

Assume that we have a short exacct sequence of R-modules.

0 →M1
f−→M2

g−→M3 → 0.

Let us transform this by adding all −⊗R N , it becomes:

0 →M1 ⊗R N
f⊗RN−−−−→M2 ⊗R N

g⊗RN−−−−→M3 ⊗R N → 0.

Example: Use the same construction before and the first mapping is zero mapping, which is not injective.

7.1.5.3 Exercise(Important) If R=K, then − ⊗K N (where N is a finite dim vector space) is exact. Hint: use the
bases.

7.1.5.4 Answer Let (ei)
n
i=1 be a basis of N. ∀v⊗n ∈M1⊗N can be written as the form Σni=1ai⊗ei. f⊗idN (Σni=1ai⊗ei) =

Σni=1f(ai)⊗ei. Since {ei} is a basis, one can construct a projection mapping to show f(ai) = 0, ∀i. The concrete construction
is let si :M2 ×N →M2 (m,n) 7→ e∨i (n)m, which is bilinear, which induces fsi :M2 ⊗N →M2
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7.1.6 Tensor Algebra

Fix a vector space V over K of finite dimension.
Let us denote: T qp (V ) := (V ∨)⊗p ⊗ V ⊗q p, q ∈ N.
An element of T qp (V ) is called a tensor of type (p, q) or a mixed tensor, which is p-covariant and q-contravariant.
Let’s denote: T (V ) :=

⊕∞
q=0 T

q
0 (V ), then:

• T 0
0 (V ) := K.

• T 0
1 (V ) = V ∨.

• T 1
0 (V ) = V .

• T 1
1 (V ) = V ∨ ⊗ V ∼= L (V ;V ).

• T 0
2 (V ) = V ∨ ⊗ V ∨ ∼= (V ⊗ V )∨ ∼= L (V, V ;K).

In T (V ) we have the following operation:

T l0(V )× T q0 (V ) → T l+q0 (V ) ((x1 ⊗ x2 ⊗ . . .⊗ xl), (y1 ⊗ y2 ⊗ . . .⊗ yq)) 7→ (x1 ⊗ x2 ⊗ . . .⊗ xl)⊗ (y1 ⊗ y2 ⊗ . . .⊗ yq) and
we can extend it by linearity.

With this operation, T(V) becomes a K-algebra. It’s called the tensor algebra associated to V.

7.2 Exterior Product

7.2.1 Def

Let W be the two-sided ideal of T (V ) generated by the elements of type x⊗ x.
W = {Σfinite i(yi ⊗ . . .⊗ ymi

)⊗ (xi ⊗ xi)⊗ (zi ⊗ . . .⊗ zni
) : xi, yi, zi ∈ V, ni,mi ∈ N}.

The quotient algebra
∧
(V ) := T (V )/W is called the exterior algebra of V, which is a K-algebra.

π : T (V ) →
∧
(V ) x1 ⊗ . . .⊗ xn 7→ π(x1 ⊗ . . .⊗ xn) =: x1 ∧ · · · ∧ xn.∧n

(V ) := Tn0 (V )/(W
⋃
Tn0 (V )) and we call it n-fold wedge product, and we can use it to define

∧
(V ) =

⊕∞
n=0

∧n
(V ),

and we call it extension product.

7.2.1.1 Prop Let σ ∈ Sn, then x1 ∧ · · · ∧ xn = sgn(σ)xσ(1) ∧ · · · ∧ xσ(n).

7.2.1.2 Proof Since any permutation can be written as the product of adjacent transformations, it is enough to do the
proof for σ = (i, i+ 1).

0 = (xi + xi+1) ∧ (xi + xi+1) = (xi ∧ xi+1) + (xi+1 ∧ xi).

7.2.1.3 Question Can the exterior algebra be defined in a similar way?

7.2.2 Alternating

V is a K-vector space, a multi-linear map ϕ : V × V × · · · × V → W is called skew-symmetric (or alternating) if
ϕ(x1, . . . , xn) = 0 when ∃i ̸= j s.t. xi = xj .

7.2.2.1 Prop Fix a vector space V. ∀ alternating multi-linear map s : V n → W when W is another vector space, there
exists a unique linear map gs :

∧n
V →W s.t. the following diagram commutes.

V n W

Tn0 (V )

∧n
(V )

s

t
fs

gs

7.2.2.2 Proof gs(v1 ∧ · · · ∧ vn) := s(v1, . . . , vn).

7.2.2.3 Remark/Exercise The couple
∧n

V with V × · · · × V →
∧n

(V ) that satisfies 7.1.7.5 Prop, is unique up to
unique isomorphism.

7.2.2.4 Notation automorphism is an isomorphism f : V → V .
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7.2.2.5 Prop Let V be a vector space of dimension n with a basis {e1, . . . , en}. Then
∧k

(V ) is a vector space with a
basis given by B = {ei1 ∧ · · · ∧ eik : 1 ≤ i1 < · · · < ik ≤ n}.

In particular,
∧k

(V ) has dimension
(
n
k

)
.

7.2.2.6 Proof B is clearly a generating set. The different part is to show that B is made up of linearly independent
elements.

I = (i1, . . . , ik) with 1 ≤ i1 < · · · < ik ≤ n, define: ϕI : V×· · ·×V → K (ej1 , . . . , ejk) 7→

{
sgn(τ) if ∃τ ∈ SI , τ(jm) = im

0 otherwise.
.

ΦI is multi-linear and alternating, hence it induces a linear map.

ϕI := gϕI
:
∧k

(V ) → K defined as above.

Assume that 0 = v ∈
∧k

(V ) = Σ1≤j1<···<jk≤nλj1,...,jkej1 ∧ · · · ∧ ejk .
By linearity, 0 = ϕI(v) = ±λI . Do it for any possible I. This shows that any λj1,...,jk = 0.

7.3 Determinant

7.3.1 Def

Let V be a vector space of dimension n, then det(V ) :=
∧n

(V ) is called the determinant of V. It’s a vector space of
dimension 1 =

(
n
n

)
and a basis is given by e1 ∧ · · · ∧ en when {e1, . . . , en} is a basis of V.

Let f ∈ L (V ;V ), then consider f̃ : V k →
∧k

(V ) (v1, . . . , vk) 7→ f(v1) ∧ · · · ∧ f(vk), ans this is multi-linear and
alternating. Therefore, it induces a map gf̃ . Since det(f) has dim 1, det(f) : v1 ∧ · · · ∧ vn 7→ detf ×(v1 ∧ · · · ∧ vn) =
f(v1) ∧ · · · ∧ f(vn).

By abuse of notation, we identify det(f) = detf .

7.3.1.1 Prop f ∈ L (V, V ) is invertible iff det(f) ̸= 0.

7.3.1.2 Proof f is not invertible iff {f(e1), . . . , f(en)} is not a basis iff there is a non-trivial linear combination: Σiλif(ei) =
0. After relabeling the ei, we can assume f(e1) = Σi≥2µif(ei).

So det(f)(e1∧· · ·∧en) = detf ×(e1∧· · ·∧en) = (Σi≥2µif(ei))∧f(e2)∧· · ·∧f(en) = Σi≥2µi(f(ei)∧f(e2)∧· · ·∧f(en)) = 0.

7.3.2 Binet Theorem

det(f ◦ g) = det(f) ◦ det(g).

7.3.2.1 Proof det(f◦g)(e1∧· · ·∧en) = (f◦g)(e1)∧· · ·∧(f◦g)(en) = f(g(e1))∧· · ·∧f(g(en)) = (det f)(g(e1)∧· · ·∧g(en)) =
det(f) ◦ det(g)(e1 ∧ · · · ∧ en).

7.3.3 Determinant

f : V → W is a linear map, k ∈ N.
∧k

f :
∧k

(V ) →
∧k

(W ) v1 ∧ · · · ∧ vk 7→ f(v1) ∧ · · · ∧ f(vk). When V=W,
n = dim(V ),

∧n
(V ) = det(V );

∧n
f = det(f).

In this case we identify det(f) with an element of K.

7.3.3.1 Prop The determinant of f is equals to the determinant of any matrix that represents f with respect to a fixed
basis. This doesn’t depend on the choice of the basis.

Fix f ∈ L (V ;V ), let {v1, . . . , vn} be a basis of V, b : ei 7→ vi ei = {0, 0, . . . , i, . . . , 0}.

V V

Kn Kn

f

b

Af

b

Take
∧n

(·):

det(V ) det(V )

det(Kn) det(Kn)

det(f)

∧n b

det(Af )

∧n b

Af = b−1 ◦ f ◦ b⇒ det(Af ) =
∧n

(b)−1 × det(f)×
∧n

(b) ∈ K.
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7.3.3.2 Upper Triangular Matrix Let A be an upper triangular matrix. det(A)(e1 ∧ · · · ∧ en) = A(e1)∧ · · · ∧A(en) =
(a1,1e1) ∧ (a1,2e1 + a2,2e2) ∧ · · · ∧ (a1,ne1 + · · ·+ an,nen) = (Πn1ai,i)e

1 ∧ · · · ∧ en. So det(A) = Πni=1ai,i.

1. A = (ai,j). If one column of A can be expressed as a linear combination of other columns of A, then det(A) = 0.

The columns are images of {e1, . . . , en}, means that A(e1), . . . , A(en) are linearly dependent, which infers to A is not
an asomorphism, det(A) = 0.

2. If we exchange two columns of A, then det(A) changes sign.

7.3.4 The First Method to Compute the Determinant

Let (ai,j) be a matrix of dimension n× n. Then det(A) = Σσ∈Sn
sgn(σ)Πni=1aσ(i)i.

7.3.4.1 Proof Let {v1, . . . , vn} be columns of A, vi = A(ei).
det(A)(e1∧· · ·∧en) = v1∧· · ·∧vn = (Σiai,1ei)∧· · ·∧(Σiai,nei) = Σσ∈Sn

Πiaσi,ieσ(1)∧· · ·∧eσ(n) = (Σσsgn(σ)Πiaσ(i),i)e1∧
· · · ∧ en.

7.3.4.2 Corollary det(A) = det(Aτ ).

7.3.4.3 Proof Aτ = (αi,j), A = (ai,j),∀i, j ai,j = αj,i.
det(Aτ ) = Σσsgn(σ)Πiασ(i),i = Σσsgn(σ)Πiai,σ(i) = Σσ−1sgn(σ−1)Πjaσ−1(j)j = det(A). It’s easy to prove that sgn(σ−1) =

sgn(σ).

7.3.5 The Second Method to Compute the Determinant

Fix A of dimension n × n. Apply Gauss Reduction, A’ is it’s upper triangular matrix. By the properties listed above,
|det(A)| = |det(A′)|, but on A’, the determinant is just the product of elements on the diagonal. So this is the second
method to compute the determinant.

Fix A = (ai,j). Denote with A[i,j] the (n− 1)× (n− 1) matrix obtained after removing the i-th and j-th column from A.

7.3.6 The Third Method to Compute the Determinant(Laplace Expansion of the Determi-
nant)

Let A = (ai,j), then det(A) = Σnj=1(−1)i+jai,j det(A[i,j]) ∀i ∈ {1, . . . , n} = Σni=1(−1)i+jai,j det(A[i,j]) ∀j ∈ {1, . . . , n}.

7.3.6.1 Proof

Kn Kn

Kn−1 Kn−1

A

piτj

A[i,j]

{e′1, . . . , e′n} is a standard basis of Kn.
{e1, . . . , en−1} is a standard basis of Kn−1.

τj(ei) =

{
e′i if i < j

e′i+1 if i ≥ j
. Now take

∧n−1
of the diagram:

∧n−1
Kn

∧n−1
Kn

det(Kn−1) det(Kn−1)

∧n−1 A

∧n−1 pi
∧n−1 τj

det(A[i,j])

det(A)(e′1 ∧ · · · ∧ e′n)

= (−1)i−1 det(A)(e′i ∧ e′1 ∧ · · · ∧ e′i−1 ∧ e′i+1 ∧ · · · ∧ e′n)

= (−1)i−1A(e′i) ∧A(e′1) ∧ · · · ∧A(e′i−1) ∧A(e′i+1) ∧ · · · ∧A(e′n)

(−1)i−1A(e′i) ∧
n−1∧

A(e′1 ∧ · · · ∧ e′i−1 ∧ e′i+1 ∧ · · · ∧ e′n) = (∗)

.
Let πj : K

n → Kn (xi) 7→ (0, . . . , xj , . . . , 0), then A = Σj(πj ◦A), it means that:
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(∗) = (−1)i−1A(e′i) ∧ Σj

n−1∧
(πj ◦A)(e′1 ∧ · · · ∧ e′i−1 ∧ e′i+1 ∧ · · · ∧ e′n)

= (−1)i−1A(e′i) ∧ Σj

n−1∧
(πj ◦A ◦ τi)(e1 ∧ · · · ∧ en−1)

= Σk,j((−1)i−1ak,ie
′
k ∧

n−1∧
(πj ◦A ◦ τi)(e1 ∧ · · · ∧ en−1))

= Σk((−1)i−1ak,ie
′
k ∧

n−1∧
(ρk ◦A ◦ τi)(e1 ∧ · · · ∧ en−1)) = (∗∗)

Here ρk := πk − idKn .

(∗∗) = Σk(−1)i−1ak,ie
′
k ∧

n−1∧
τk ◦

n−1∧
(pk ◦A ◦ τi)(e1 ∧ · · · ∧ en−1)

By the diagram,
∧n−1

(pk ◦A ◦ τi) = detA[k,i], so:

(∗∗) = Σk(−1)i−1ak,i det(A[k,i])(e
′
k ∧ e′1 ∧ · · · ∧ e′k−1 ∧ e′k+1 ∧ · · · ∧ e′n) = Σk(−1)k−1ak,i det(A[k,i])(e

′
1 ∧ · · · ∧ e′n)

7.4 The Structure of Linear Mappings

7.4.1 A Set of Theorems

Let f : V →W be a linear mapping between vector spaces of finite and same dim. Then:

1. There exists a decomposition V = V0 ⊕ V1 and W =W1 ⊕W2 s.t. V0 = ker f and f includes an isomorphism between
V1 and W1(namely f |V1

).

2. There exists a basis in V and W s.t. the associated matrix Af = aij satisfies ∀1 ≤ i ≤ r, ∃r ≤ n have aii = 1 and have
aij = 0 elsewhere.

3. Let A be a m×n matrix. Then there exists two square matrices (with det ̸= 0) B and C of dim m×m and n×n and
a number r ≤ min(m,n) s.t. BAC has the form in (2). Moreover, the number r is unique r = rank(A).

7.4.1.1 Invariant Subspace Let F : V → V be a linear mapping. A subspace V0 ⊆ V is said to be an invariant subspace
of F is F (V0) ⊆ V0.

7.4.2 Diagonalizable

A linear mapping f : V → V (finite dim) is diagonalizable if the following equivalent conditions are satisfied:

1. V decomposes as a direct sum of a one-dimensional invariant subspace of f .

2. There exists a basis of V , in which the matrix Af is diagonal.

7.4.2.1 Proof

2 ⇒ 1 Assume that in the base {v1, · · · , vn} , we have Af =


λ

. . .

λn

 by the familiar diagram

V
f
// V

Kn

b

OO

Af
// Kn

b

OO

f(vi) = b ◦Af (ei) = b(λiei) = λivi ∈ ⟨vi⟩

So
V = ⟨v1⟩ ⊕ · · · ⊕ ⟨vn⟩

1 ⇒ 2 Assume that V = ⟨v1⟩ ⊕ · · · ⊕ ⟨vn⟩, where f(⟨vi⟩) ⊆ ⟨vi⟩ , then {v1, · · · , vn} forms a basis of V .

Consider the previous diagram

A(e1) = b1 ◦ f ◦ b(ei) = b−1(f(vi)) = b−1(λivi) = λiei
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7.4.2.2 Example Take

A : R2 → R2 A =

(
cos θ sin θ

− sin θ cos θ

)

A is not diagonalizable.

7.4.2.3 Def Let L be a one-dimensional invariant subspace of f : V → V . Then F |L is a multiplication by a scalar
λ ∈ K. Such λ is called eigenvalue of f . A non-zero vector v ∈ V is called an eigenvector of V if ⟨v⟩ is an invariant subspace
of f .

7.4.2.4 Direct Sum(Recall)
⊕

i∈N Vi = {(xi)i∈N all but finite many xi = 0}.
T p0 (V )× T q0 (V ) → T p+q0 (V ) (x = x1 ⊗×⊗ xp, y = y1 ⊗×⊗ yp 7→ x⊗ y.

7.4.2.5 Remark/Exercise Assume that f is diagonalizable and Af is the diagonal matrix that represents f. Then Af is
unique up to permutation of the elements in the diagonal.

7.4.2.6 Hint V =< v1 > ⊕ · · ·⊕ < vn >=< vσ(1) > ⊕ · · ·⊕ < vσ(n) >, σ ∈ Sn.

Let V be a vector space over K. dim(V ) = n, f ∈ L (V, V ). Let Af be an associated matrix in any basis. The map:
K → K t 7→ det(tIn −Af ).

This is a polynomial in K[T ].

7.4.2.7 Lemma P (t) is a monic polynomial of degree n.

7.4.2.8 Proof P (t) = det(tIn −Af ) = Σσsgn(σ)Π
n
i=1(tδσ(i),i −Aσ(i),i).

The only term that gives ”tn” is when σ = id.

7.4.2.9 Theorem Use the notation introduced previously.

1. P (t) doesn’t depend on Af (if you change basis, P (t) doesn’t change).

2. Any eigenvalue of f is a root of P (t). Conversely, any K-root of P (t) is an eigenvalue.

7.4.2.10 Proof

1. Put A = Af , and let A′ be another matrix presentation of f. Then A′ = B−1AB where B is invertible n× n matrix.

det(tIn − A′) = det(tIn − B−1AB) = det(B−1(tIn)B − B−1AB = det(B−1(tIn − A)B) = det(tIn − A). (Because
(λI)A = A(λI)).

2. Let λ ∈ K be a K-root of P (t), then: det(λIn−Af ) = 0 = P (λ). λIn−Af is not invertible, so ∃v ̸= 0 ∈ ker(λIn−Af ),
Af (v) = λv.

Viceversa (the other implication) if, σ ̸= 0, f(v) = λv, v ∈ ker(λIn −Af ), det(λIn −Af ) = 0 = P (λ).

7.4.3 Characteristic Polynomial

The polynomial P (t) will be denoted by Pf (t). It is called the characteristic polynomial of f.

7.4.3.1 Corollary If Pf (t) splits with no respected roots, then f is diagonalizable.

7.4.3.2 Def A matrix of the form Jr(λ) =


λ 1 0 . . . 0
0 λ 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . λ

 is called a Jordan block.

A Jordan matrix is a matrix of the type J =

Jr1(λ1) 0 0
0 Jr2(λ2) 0
0 0 Jr3(λ3)

.
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7.4.3.3 Example Let Vn(λ) be the vector space of complex functions: {F : C → C : F (x) = eλxf(x), where λ ∈ C f ∈
C[x]≤n−1} = Vn(λ).

Verify that Vn(λ) is a vector space of dim n

d

dx
(eλxf(x)) = λeλxf(x) + eλxf ′(x)

= eλx(λf(x) + f ′(x))

d
dx ∈ L (Vn(λ);Vn(λ)). Consider vi+1 = xi

i! e
λx. Show that {v0, · · · , vn−1} forms a basis of Vn(λ)

d

dx
vi+1 = λvi+1 +

xi−1

(i− 1)!
eλx

= λσi+1 + σi

Then

A d
dx

=


λ 0 . . . 0

1 λ
. . .

...
...

. . .
. . . 0

0 . . . 1 λ

 = (Jn(λ))
T

7.4.4 Annihilate

Let a0 + a1t+ · · ·+ ant
n = Q(t) ∈ K[T ], then for f ∈ L (V, V ), we define Q(f) := a0Idv + a1f + · · ·+ anf

◦f . From now
on, we denote fk := f◦k.

We say that Q annihilates f is Q(f) = 0.

7.4.4.1 Prop Let f ∈ L (V, V ). There exists a polynomial Q ∈ K[T ]\{0} that annihilates f (i.e. Q(f)=0).

7.4.4.2 Proof dim(L (V, V )) = n2. Hence the maps IdV , f, f
2, . . . , fn

2 ∈ L (V, V ) are linearly dependent. So there

exists a non-trivial linear combination: λ0IdV + λ1f + · · ·+ λn2fn
2

= 0, so take Q(t) = λ0 + λ1t+ · · ·+ λn2tn
2

.
This shows that Q ̸= 0, and Q(f) = 0.

7.4.4.3 Remark The proof of the Prop also gives the degree of a polynomial that annihilates is ≤ n2.

7.4.4.4 Minimal Polynomial Let m(t) ∈ K[T ]\{0} be a monic polynomial of minimal degree that annihilates f ∈
L (V, V ). Then m(t) is called minimal polynomial of f.

7.4.4.5 Prop If m(t) is a minimal polynomial of f, then it’s unique.

7.4.4.6 Proof Assume thatm1(t) is another minimal polynomial, thenm−m1 ∈ K[T ]; (m−m1)(f) = m(f)−m1(f) = 0.
Since m and m1 are both monic, so deg(m−m1) < deg(m) is smaller, contradiction!

7.4.4.7 Notation From now on we denote the minimal polynomial of f with mf .

7.4.4.8 Prop Let Q ∈ K[T ]\{0} a polynomial that annihilates f. Then mf | Q.

7.4.4.9 Proof By the division between polynomials: Q(t) = mf (t)s(t) + r(t) s.t. deg(r) < deg(mf ). So 0 = Q(f) =
mf (f)s(f) + r(f) = r(f). So r(f) must be zero.

7.4.4.10 Adjugate Matrix Let A be a matrix of dim n× n, Mi,j := (−1)i+j det(A[i,j]) ∈ K. Here det(A[i,j]) is called
(i,j)-minor of A.

Then we define Adj(A) ∈Mn×n(K) := (Mi,j)
τ
i,j , called the adjugate matrix.

7.4.4.11 Lemma AAdj(A) = Adj(A)A = det(A)In.

7.4.4.12 Proof Exercise.

7.4.5 Cayley-Hamilton Theorem

The characteristic polynomial pf annihilates f. Consequence, mf | pf .
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7.4.5.1 Proof Let A = Af any matrix that represents f. Consider B := Adj(tIn−A), then (tIn−A)B = det(tIn−A)In =

pf (t)In. We can decompose B in the following way: B = Σn−1
i=0 t

iBi, Bi ∈Mn×n(K).

So Pf (t)In = (Σn−1
i=1 tInt

iBi)− (Σn−1
i=0 AT

iBi) = Σn−1
i=0 t

i+1Bi − Σn−1
i=0 At

iBi = tnBn−1 +Σn−1
i=1 t

i(Bi−1 −ABi)−AB0.

We can compare the coefficients, and both times Ai, the equation became AnBn−1 + Σn−1
i=1 (A

iBi−1 − Ai+1Bi)− AB0 =
0 = An + cn−1A

n−1 + · · ·+ c1A+ c0In = Pf (A), so pf (f) = 0.

Here pf (f) = pf (C
−1AC) = det(tIn−C−1AC) = det(C−1(tIn)C−C−1AC) = det(C−1(tIn−A)C) = det(C−1)Pf (A) det(C) =

pf (A).

7.4.5.2 Examples

1. mf and pf are in general different. f = idV , then pf (t) = (t− 1)n,mf (t) = t− 1.

2. Assume that f : V → V and dim V=r, Af = Jr(λ). Then pf (t) = (t0λ)r. Moreover, Jr(λ) = λIr + Jr(0), and if k ≥ r,
(Jr(0))

k = 0. (Jr(λ)− λIn)
k = (Jr(0))

k ̸= 0 if 0 ≤ k ≤ r − 1.

We know that mf | (t− λ)r, mf must be of the type mf = (t− λ)k, but the only possibility is k = r. So mf = pf .

For Jordan blocks, the minimal polynomial is equal to the characteristic polynomial.

7.4.5.3 Algebraically Closed Field A field K is algebraically closed if any nonzero polynomial has a root in K.

7.4.6 Theorem

Let f ∈ L (V, V ), where V is a vector space of dim n,over an algebraically closed field. Then:

1. f can be represented by a Jordan matrix.

2. The above matrix is unique up to permutation of Jordan blocks.

7.4.6.1 Root Vector Let f ∈ L (V, V ) and let λ ∈ K. A vector w ∈ V \{0} is called a root vector of f corresponding to
λ, if there exists m ∈ N, (f − λidV )

m(w) = 0.

7.4.6.2 Remark Eigenvectors are root vectors that take r = 1.

7.4.6.3 Remark Let f = Jr(λ) be a Jordan block. Then any v ∈ V is a root vector of f corresponding to λ. In fact:
∀v, (Jr(λ)− λIr)

m(v) = 0 m ≥ r.

7.4.6.4 Prop Let V (λ) be the set of root vectors of f corresponding to λ. Then V (λ) is a vector subspace of V . Moreover,
V (λ) ̸= {0} if and only if λ is an eigenvalue.

7.4.6.5 Proof Take v1, v2 to be λ-root vectors. Assume that

(f − λId)r1(v1) = (f − λId)r2(v2) = 0.

Take r = max{r1, r2}, then
(f − λId)r(v1 + v2) = 0.

For any α ∈ K, if (f − λId)r(v) = 0, then

(f − λId)r(αv) = 0.

Assume λ is an eigenvalue. Then there exists an eigenvector v ̸= 0 s.t.

(f − λId)(v) = 0.

Conversely, take 0 ̸= v ∈ V (λ). Let r be the smallest integer s.t. (f − λId)r(v) = 0. Since v′ = (f − λId)r−1(v) ̸= 0 and
(f − λId)(v′) = 0, v′ is an eigenvector of λ, which means λ is an eigenvalue.

7.4.6.6 Prop Let K be an algebraically closed field. Let λ1, · · · , λk be the set of all distinct eigenvalues of f (k ≥ 1).
Then

V =

k⊕
i=1

V (λi).
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7.4.6.7 Proof Since K is algebraically closed, the characteristic polynomial Pf (t) can be factored as

Pf (t) =

k∏
i=1

(t− λi)
ri ∈ K[T ].

Consider
Fi(t) = Pf (t)(t− λi)

−ri ∈ K[T ].

Define fi := Fi(f) ∈ End(V ) and Vi = Im(fi).
We want to prove that (f − λiId)

ri(Vi) = 0, which means Vi ⊆ V (λi). Note that

(f − λiId)
ri ◦ fi = Pf (f) = 0.

Next, we prove that V = V1 + · · ·+ Vk. The polynomials Fi(t) are coprime. There exist polynomials Gi(t) ∈ K[T ] s.t.

1 = gcd(F1(t), · · · , Fk(t)) = F1(t)G1(t) + · · ·+ Fk(t)Gk(t).

Applying f to both sides, we get
k∑
i=1

Fi(f) ◦Gi(f) = Id.

For any v ∈ V ,

v =

k∑
i=1

Fi(f)(Gi(v)) =

k∑
i=1

fi(Gi(v)) ∈ V1 + · · ·+ Vk ⊆ V (λ1) + · · ·+ V (λk).

To show that the sum is direct, take 1 ≤ i ≤ k and suppose v is in the intersection Vi ∩
(∑

j ̸=i Vj

)
. Then

(f − λiId)
ri(v) = 0 and Fi(f)(v) =

∏
j ̸=i

(f − λjId)
rj (v) = 0.

Since (t− λi)
ri and Fi(t) are coprime, there exist polynomials G1(t) and G2(t) s.t.

G1(t)(t− λi)
ri +G2(t)Fi(t) = 1.

Substituting f for t, we get v = 0.
Finally, we prove that Vi = V (λi). Take v ∈ V (λi) and write it as

v = v′ + v′′ ∈ Vi ⊕
⊕
j ̸=i

Vj .

Then v′′ = v − v′ ∈ V (λi). There exists some r ∈ N s.t. (f − λiId)
r(v′′) = 0. Since (t − λi)

r and Fi(t) are coprime, there
exist polynomials H1(t) and H2(t) s.t.

(t− λi)
rH1(t) + Fi(t)H2(t) = 1.

Hence, v′′ = 0 and v = v′ ∈ Vi.

7.4.7 Nilpotent

Let f ∈ Z(V, V ). Then f is said to be nilpotent if there exists z ∈ N s.t. fz = 0.

7.4.7.1 Lemma Let f be a nilpotent map. Then ker(f)f = {set of eigenvectors of f} ∪ {0}.

7.4.7.2 Proof Let v ∈ ker(f), then v is an eigenvector with eigenvalue=0.
Let v be an eigenvector of f with eigenvalue λ. Then

f(v) = λv.

Applying f repeatedly, we get

fm(v) = fm−1(f(v)) = fm−1(λv) = λfm−1(v) = · · · = λmv.

Since f is nilpotent, there exists m ∈ N s.t. fm = 0. Therefore,

0 = fm(v) = λmv.

Since v ̸= 0, it follows that λm = 0, which implies λ = 0.

7.5 Jordan Normal Form

7.5.0.1 Lemma Let f be a nilpotent mapping, then Ker(f) ̸= {0}.
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7.5.0.2 Proof Let r be the minimal integer s.t. fr = 0. Then fr−1(V ) ⊆ Ker(f), but fr−1(V ) ̸= {0} due to the
minimality of r.

7.5.0.3 Remark Another way to prove the above lemma is to notice that mf = tr
′
, 1 ≤ r′ ≤ r. By the Cayley-Hamilton

theorem, 0 is an eigenvalue, thus f(x) = 0 for some x ̸= 0.

7.5.1 Theorem (Jordan form for nilpotent mappings)

Let f be a nilpotent mapping. Then there exists a Jordan basis for f , which means that this basis gives a Jordan matrix
made of blocks of the type Jr(0) for f .

7.5.1.1 Proof Proof by induction on the dimension of the vector space V . If dim(V ) = 1, then f = 0 and 0 = J1(0).
Assume that the induction is true for dim(V ) < n, then we prove it on dimension n. Let V0 = Ker(f) = {the set of eigenvalues}∪

{0}. Since f is nilpotent, dim(V0) ≥ 1. Therefore, dim(V/V0) < n. Define the following mapping f ∈ End(V/V0), v 7→ f(v).
It is well defined and nilpotent. We use the induction hypothesis, so we have a Jordan basis for f , and thus we have elements
v0, · · · , vm ∈ V/V0.

Now lift vi to some elements vi ∈ V . Applying f to these elements vi, bi is the first integer s.t. f bi(vi) = 0. This means
that f bi(vi) ∈ V0, hence f

bi(vi) is an eigenvector.
Consider now the vector subspace generated by f b1(v1), · · · , f bm(vm):

⟨f b1(v1), · · · , f bm(vm)⟩ ⊆ V0

Extract a basis and complete it to a basis of V0. The new vectors are denoted by u1, · · · , ut. Then we want to prove that
fk(vi), uj forms a basis of V .

Let v ∈ V , π(v) = v =
∑m
i=1

∑bi−1
j=0 aijf

j(vi) =
∑m
i=1

∑bi−1
j=0 aijf

j(vi).

Hence v −
∑m
i=1

∑bi−1
j=0 aijf

j(vi) ∈ V0, this finishes because V0 is generated by f b1(v1), · · · , f bm(vm), u1, · · · , ut.
We show that f bi(vi) and uj are linearly independent:

m∑
i=1

aif
bi(vi) +

t∑
i=1

biut = 0.

The first observation is that bi = 0,∀i. So

0 =

m∑
i=1

aif
bi(vi) = f

(
m∑
i=1

aif
bi−1(vi)

)
.

So
∑m
i=1 aif

bi−1(vi) ∈ V0.
This means that

∑m
i=1 aif

bi−1(vi) = 0. Hence ai = 0,∀i.
By applying f to

∑m
i=1

∑bi−1
j=0 aijf

j(vi) +
∑t
i=1 biui = 0 many times, one can prove that {fk(bi), · · · , ut} forms a Jordan

basis of V .

7.5.1.2 Prop The Jordan matrix that represents a nilpotent mapping f ∈ End(V ) is unique up to permutations of the
blocks.

7.5.1.3 Proof f bi(vi), uj forms a basis of Ker(f), thus these elements have exactly dim(V0) elements, which is independent
of the choice of basis.

Let’s look at the elements like f bi−1(vi). If we work by induction, then the proof is finished.

7.5.2 Theorem

Let K be an algebraically closed field and f ∈ End(V ). Then f admits a Jordan basis. Moreover, the Jordan matrix is
unique up to permutation of blocks.

7.5.2.1 Proof Since K is algebraically closed, V = V (λ1)⊕ · · · ⊕ V (λk), where λ1, · · · , λk are the distinct eigenvalues of
f .

Now consider f |V (λi) = g, λi = λ. If we prove the theorem for g, then we are done.
g − λId ∈ End(V (λ)), this function is nilpotent on V (λ). In fact, you choose a basis of V (λ), then pick the largest p of

them.
Apply the theorem for nilpotent mappings to g − λId. Then we have Jg − λId made of blocks of the type Jr(0).
Take the matrix Jg − λId. Restrict to a block Jr(0). g − λId = P−1Jr(0)P . I want to show that with the same P ,

Jr(0) + λIr = Jr(λ). This is a Jordan block for g. In fact, Jr(λ) = P−1(Jr(0) + λIr)P = g − λId + λId = g.
The uniqueness follows from the uniqueness of the Jr(0).
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7.5.3 Geometric Multiplicity and Algebraic Multiplicity

Let λ be an eigenvalue of f ∈ End(V ).

E(λ) = Ker(f − λId) = {all eigenvectors of f with λ} ∪ {0} ⊆ V (λ).

This is called the eigenspace of λ. mult(λ)geo = dim(E(λ)) is the geometric multiplicity of λ. Moreover, mult(λ)alg =
max{k ∈ N, (t− λ)k|Pf (t)} is the algebraic multiplicity of λ.

7.5.3.1 Prop Let K be an algebraically closed field. Then mult(λ)geo ≤ mult(λ)alg,∀ eigenvalue of f .

7.5.3.2 Proof V = V (λ1) ⊕ · · · ⊕ V (λn). Take λ = λi. Let Jf be the Jordan matrix of f . Then det(Jf ) = det(f). So
Pf (t) =

∏
(t− λi) dim(V (λi)). dim(V (λi)) = mult(λ)alg.

Since E(λ) ⊆ V (λ), then dim(E(λ)) ≤ dim(V (λ)).

7.5.3.3 Corollary LetK be an algebraically closed field, let f ∈ End(V ). f is diagonalizable iff mult(λ)geo = mult(λ)alg, ∀λ.

7.5.3.4 Proof Work on a single V (λ). r = dim(V (λ)) = mult(λ)alg.
We get a diagonal Jordan matrix iff we have exactly r blocks of length 1. It means that r = dim(Ker(f − λId)) =

mult(λ)geo.



Chapter 8

Inner Product Space

8.1 Inner Product

8.1.1 Bilinear Form

Let V be an n-dimensional vector space over K (where K = R or K = C).
A bilinear form g ∈ L (V ×V,K) is called a bilinear form. Choose a basis {v1, · · · , vn} of V . The matrix G = (g(vi, vj))ij ∈

Mn×n(K) is called the Gram matrix of g with respect to {v1, · · · , vn}. By linearity, G determines g uniquely.

8.1.1.1 Remark For all (x, y) ∈ V ,

g(x, y) =
∑
ij

xiyjg(vi, vj) = xτGy.

On the other hand, given a basis {v1, · · · , vn} and G ∈ Mn×n(K), the mapping V × V → K, (x, y) 7→ xτGy, is a bilinear
form, and the associated Gram matrix is exactly G.

Fixed a pair (V, {v1, · · · , vn}), we have defined a bijection:

L (V × V,K) ∼=Mn×n(K), g 7→ G.

8.1.2 Conjugate

Two matrices G, G′ ∈ Mn×n(K) are said to be conjugate if there exists A ∈ GL(n;K) s.t. G′ = AτGA. Notice that
conjugacy is an equivalence relation.

8.1.2.1 Notation The Gram matrices of an inner product under different bases are conjugate.

8.1.2.2 Remark

L (V × V,K) ∼= L (T 2
0 (V ),K) ∼= L (V, V ∨), g 7→ gs := (gs(x⊗ y) := g(x, y)) 7→ (x 7→ gs(x⊗ ·)) =: g̃

8.1.2.3 Def Given g ∈ L (V × V,K), define gp(x, y) := g(y, x), gp(x, y) := gp(x, y) = g(y, x). Notice that if K = R, then
gp = gp.

A bilinear form g is said to be:

• Symmetric if g = gp.

• Symplectic or skew-symmetric if g = −gp.

• Hermitian if g = gp.

8.1.2.4 Example

• Kn ×Kn → K, (x, y) 7→ xτy is symmetric.

• Cn × Cn → C, (x, y) 7→ xτy is hermitian.

• K2 ×K2 → K, (v1, v2) 7→ det(v1|v2) is skew-symmetric.

8.1.2.5 Def g ∈ L (V × V,K) is an inner product of V if g is either symmetric, symplectic, or Hermitian.
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8.1.3 Orthogonal

Let (V, g) be an inner product space. Two vectors v1, v2 ∈ V are orthogonal (with respect to g) if g(v1, v2) = 0.
Two vector subspaces V1, V2 ⊆ V are orthogonal if g(v1, v2) = 0 for all (v1, v2) ∈ V1 × V2. Notice that:

• If g is symmetric, then A = Aτ .

• If g is symplectic, then A = −Aτ .

• If g is Hermitian, then A = Aτ .

Here A is the matrix presenting g.

8.1.3.1 Def Let (V, g) be an inner product space. The kernel of g is defined as: Ker(g) = {v ∈ V | g(v, w) = 0,∀w ∈ V }.
Moreover, g is said to be non-degenerate if Ker(g) = {0}.

8.1.3.2 Remark Note that Ker(g) = Ker(g̃) when g̃ ∈ L (V, V ∨).
x ∈ Ker(g̃) means g̃x = 0, which is equivalent to g(x, y) = 0 for all y ∈ V . This implies that Ker(g) is a linear subspace

of V .



Chapter 9

Differential Forms in Rn

9.1 Differential Forms

9.1.1 Def

Let p ∈ Rn be a fixed point. Rnp = {p} × Rn, (p, a) ∈ Rnp , a ∈ Rn. Define the operations: (p, a) + (p, b) :=
(p, a+ b), α(p, a) := (p, αa), ∀α ∈ R.

With these operations, Rnp is a vector space over R. a|p denotes (p, a), and a basis of Rnp is denoted by {e1|p, · · · , en|p}.
Rnp is called the tangent space of Rn at p. The dual space (Rnp )∨ ∼= {p} × (Rn)∨. The dual basis is denoted by

{dx1|p, · · · , dxn|p} := {(e1|p)∨, · · · , (en|p)∨}.
Rn × Rn ∼=

⊔
p∈Rn Rnp .

⊔
pRnp is called the tangent bundle of Rn. We have a projection mapping: π :

⊔
p∈Rn Rnp →

Rn, a|p 7→ p, and π−1(p) = Rnp .

9.1.1.1 Remark

∂xi
∂xj

:= dxi|p(ej |p) =

{
1 if i = j,

0 otherwise.

9.1.1.2 Def

(Rnp )∨ :=
⊕
k∈N

k∧
(Rnp )∨.

Consider
∧k

(Rnp )∨ ∼= (
∧k Rnp )∨. The basis of this vector space is:

{dxi1 |p ∧ · · · ∧ dxik |p | 1 ≤ i1 < · · · < ik ≤ n}.

dim

(
k∧
(Rnp )∨

)
=

(
n

k

)
.

⊔
p

(
k∧
(Rnp )∨

)
→ Rn, f |p 7→ p

is induced by the natural projection map.

9.1.2 Exterior k-form

An exterior k-form in Rn is a mapping:

ω : Rn →
⊔
p

(
k∧
(Rnp )∨

)
, p 7→ ω(p),

that is a section of the projection π. π ◦ ω = IdRn means ω(p) ∈
∧k

(Rnp )∨. For all p ∈ Rn,

ω(p) =
∑

1≤i1<···<ik≤n

ai1,··· ,ik(p)dxi1 |p ∧ · · · ∧ dxik |p.

Fix ω, if all ai1,··· ,ik are differentiable of class Cm, then ω is called a Cm-differential k-form. If m = +∞, then ω is a smooth
k-form.

9.1.2.1 Notation ω =
∑
I aIdxI , I = (i1, · · · , ik).
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9.1.2.2 Example Take n = 4.

• 1-form: ω = a1dx1 + a2dx2 + a3dx3 + a4dx4.

ω(p) = a1(p)dx1|p + a2(p)dx2|p + a3(p)dx3|p + a4(p)dx4|p ∈
1∧
(R4

p)
∨.

• 2-form:

ω = a12dx1 ∧ dx2 + a13dx1 ∧ dx3 + a14dx1 ∧ dx4 + a23dx2 ∧ dx3 + a24dx2 ∧ dx4 + a34dx3 ∧ dx4.

• 4-form:

ω(p) = a1234(p)dx1|p ∧ dx2|p ∧ dx3|p ∧ dx4|p ∈
4∧
(R4

p)
∨.

9.1.2.3 Remark When k = 0, a Cm-differential 0-form is a mapping f : Rn → R of class Cm.

9.1.2.4 Def Ωk(m)(R
n) := {set of Cm-differential k-forms}.

9.1.2.5 Prop Ωk(m)(R
n) is a module over Ω0

(m)(R
n).

9.1.2.6 Proof ω, η ∈ Ωk(Rn), (ω + η)(p) := ω(p) + η(p). f ∈ Ω0(Rn), ω ∈ Ωk(Rn), fω ∈ Ωk(Rn), (fω)(p) :=
f(p)ω(p).

9.1.2.7 Notation We use df |p to denote the differential of f at p.

9.1.2.8 Remark Let f : Rn → R be a differentiable mapping, then its differential df |p : Rnp → Rf(p) ∼= R, thus
df |p ∈ (Rnp )∨. Since df |p ∈ (Rnp )∨, hence df |p =

∑
fi(p)dxi|p. By definition, fi are the partial derivatives of f . This means

df is a differential 1-form.
Moreover, F : Rn → Rm differentiable then F = (F1, · · · , Fm), where Fi : Rn → R is differentiable dF |p : Rnp →

RmF (p) · dFi|p = dxi|F (p)(dF |p) = d(xi ◦ F )|p.

9.1.2.9 Notation Using the definition, we can derive:

∂f

∂xi
(p) = df |p(ei), thus df |p(h) =

n∑
i=1

∂f

∂xi
(p)hi.

Therefore, fi is the i-th partial derivative of f at point p.

9.1.2.10 Def Ω(m)(Rn) :=
⊕

k Ω
k
(m)(R

n).

We define a wedge product on Ω(Rn):

Ωk(Rn)× Ωl(Rn) → Ωk+l(Rn), (ω, η) 7→ ω ∧ η.

Take ω =
∑
I aIdxI , η =

∑
J bJxJ . Then:

ω ∧ η :=
∑
IJ

aIbJdxIJ , I = (i1, · · · , ik), J = (j1, · · · , jl), IJ := (i1, · · · , ik, j1, · · · , jl).

9.1.2.11 Exercise Take ω ∈ Ωk(Rn), η ∈ Ωl(Rn), φ ∈ Ωs(Rn). Then:

1. (ω ∧ η) ∧ φ = ω ∧ (η ∧ φ)

2. (ω ∧ η) = (−1)kl(η ∧ ω)

3. Take θ ∈ Ωs(Rn), ω ∧ (φ+ θ) = ω ∧ φ+ ω ∧ θ

9.2 Pullback of Forms

9.2.1 Def

Let f : Rn → Rm be a mapping of class Cr+1. It induces a mapping:

f∗ : Ωk(r)(R
m) → Ωk(r)(R

n), ω 7→ f∗ω.

Λk(V ∨) ∼= (ΛkV )∨ ∼= {ψ : V × · · · × V → K | ψ is multilinear and alternating},
hence by abuse of notation:

(f∗ω)(p)(v1, · · · , vk) := ω(f(p))(df |p(v1), · · · ,df |p(vk)) := ω(f(p))(df |p(v1) ∧ · · · ∧ df |p(vk)).
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9.2.1.1 Prop Let f : Rn → Rm be a differentiable mapping. For ω, η ∈ Ωk(Rm) and g : Rm → R a differentiable mapping
(g ∈ Ω0(Rm)), the following hold:

1. f∗(ω + η) = f∗ω + f∗η

2. f∗(gω) = f∗gf∗ω where f∗g := g ◦ f

3. If ω1, · · · , ωk are 1-forms in Rm, then f∗(ω1 ∧ · · · ∧ ωk) = f∗ω1 ∧ · · · ∧ f∗ωk

9.2.1.2 Proof

1. f∗(ω + η)(p)(v1, · · · , vk) = (ω + η)(f(p))(df |p(v1), · · · , df |p(vk)) =
ω(f(p))(df |p(v1), · · · , df |p(vk)) + η(f(p))(df |p(v1), · · · , df |p(vk)) = (f∗ω)(p)(v1, · · · , vk) + (f∗η)(p)(v1, · · · , vk) □

2. f∗(gω)(p)(v1, · · · , vk) = gω(f(p))(df |p(v1), · · · , df |p(vn)) = (g ◦ f)(p)(f∗ω)(p)(v1, · · · , vk) □

3. f∗(ω1∧· · ·∧ωk)(p)(v1, · · · , vk) = (ω1∧· · ·∧ωk)(f(p))(df |p(v1), · · · , df |p(vk)) = det(ωi(df |p(vj)))ij = det(f∗ωi(p)(vj))ij =
(f∗ω1 ∧ · · · ∧ f∗ωk)(p)(v1, · · · , vk) □

9.2.1.3 Remark Let f : Rn → Rm, and let {y1, · · · , ym} be a basis of Rm. Then:

(x1, · · · , xn)T 7→ (f1(x1, · · · , xn), · · · , fm(x1, · · · , xn))T .

Let ω =
∑
I aIdyI ∈ Ω(Rm). Then:

f∗ω =
∑
I

f∗(aI)(f
∗dyi1) ∧ · · · ∧ (f∗dyik).

Note that:

(f∗dyi)(v) = dyi(df(v)) = d(yi ◦ f)(v) = (dfi)(v).

Thus:

f∗ω =
∑
I

aI(f1(x1, · · · , xn), · · · , fm(x1, · · · , xn))dfi1 ∧ · · · ∧ dfik.

9.2.1.4 Remark Let U be an open set of Rn. Then consider Ωk(U) ⊆ Ωk(Rn).

9.2.1.5 Example

ω = − y

x2 + y2
dx+

x

x2 + y2
dy ∈ Ω1(R2 \ {(0, 0)}).

V = {(r, θ) ∈ R2 | r > 0, 0 ≤ θ < 2π}, f : V → U, (r, θ)T 7→ (r cos θ, r sin θ)T .

Let’s compute f∗ω :
⊔
r>0,0≤θ<2π R2

(r,θ) → V . Then:

df1 = cos θdr − r sin θdθ, df2 = sin θdr + r cos θdθ.

f∗ω = −r sin θ
r2

(cos θdr − r sin θdθ) +
r cos θ

r2
(sin θdr + r cos θdθ) = dθ.

9.2.1.6 Prop Let f : Rn → Rm be a differentiable mapping. Then:

1. f∗(ω ∧ η) = (f∗ω) ∧ (f∗η) for any two forms on Rm.

2. (f ◦ g)∗ω = g∗(f∗ω), where g : Rp → Rn is differentiable.

9.2.1.7 Proof

1. Let (y1, · · · , ym) = (f1(x1, · · · , xn), · · · , fm(x1, · · · , xn)) ∈ Rm, (x1, · · · , xn) ∈ Rn. Let ω =
∑
I aIdyI , η =

∑
J bJdyJ .

Then:

f∗(ω ∧ η) = f∗

(∑
I

aIbJdyI ∧ dyJ

)
=
∑
IJ

aI(f1, · · · , fm)bJ(f1, · · · , fm)dfI ∧ dfJ =

(∑
I

aI(f1, · · · , fm)dfI

)
∧

(∑
J

bJ(f1, · · · , fm)dfJ

)
= (f∗ω) ∧ (f∗η).

2. [f ◦ g]∗(ω) =
∑
I aI((f ◦ g)1, · · · , (f ◦ g)m)d(f ◦ g)I =

∑
I aI(f1(g1, · · · , gn), · · · , fm(g1, · · · , gn))dfI(dg1, · · · , dgn) =

g∗(f∗ω).
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9.2.2 Exterior Differential

The differential of a mapping is a 1-form, f → df , from 0-form to 1-form. We want to generalize this process for any
k-form.

d : Ωk(m)(U) → Ωk+1
(m−1)(U), ω 7→ dω, ω =

∑
I

aIdxI , dω :=
∑
I

daI ∧ dxI ,

daI =
∑
I

∂aI,i
∂xi

dxi.

9.2.2.1 Example

ω = xyzdx+ yzdy + (x+ z)dz.

dω = d(xyz) ∧ dx+ d(yz) ∧ dy + d(x+ z) ∧ dz = −xzdx ∧ dy + (1− xy)dx ∧ dz − ydy ∧ dz.

9.2.2.2 Prop

1. d(ω1 + ω2) = dω1 + dω2, ∀ω1, ω2 ∈ Ωk(U), ∀ω1, ω2 ∈ Ω(U)

2. d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη, ω ∈ Ωk(U), η ∈ Ωl(U)

3. d(dω) = 0 (d2ω = 0) ω ∈ Ωk(U)

4. d(f∗ω) = f∗(dω), ω ∈ Ωk(U), f : U → V is a differentiable function.

(1) Obvious. □

(2) Let ω =
∑
I aIdxI and η =

∑
J bJdxJ then:

d(ω ∧ η) =
∑
IJ

d(aIbJ) ∧ dxI ∧ dxJ

=
∑
IJ

bJdaI ∧ dxI ∧ dxJ +
∑
IJ

aIdbJ ∧ dxI ∧ dxJ

= dω ∧ η + (−1)k
∑
IJ

aIdxI ∧ dbJ ∧ dxJ

= dω ∧ η + (−1)kω ∧ dη □

(3) First assume ω = f ∈ Ω0(U):

d(df) = d

 n∑
j=1

∂f

∂xj
dxj

 =

n∑
j=1

d

(
∂f

∂xj

)
∧ dxj

=

n∑
j=1

(
n∑
i=1

∂2f

∂xi∂xj
dxi ∧ dxj

)

Since dxi ∧ dxi = 0 and ∂2f
∂xi∂xj

= ∂2f
∂xj∂xi

, we have d(df) = 0.

For general ω = aIdxI , note that d2xI = d(dxI) = d(1) ∧ dxI = 0. Hence:

d2ω = d(dω) = d(daI ∧ dxI) = d2aI ∧ dxI − daI ∧ d2xI = 0 □

(4) For ω = g ∈ Ω0(U), g ◦ f : Rn → Rm → R:

(x1, · · · , xn) 7→ (f1(x), · · · , fm(x)) 7→ g(f1(x), · · · , fm(x))

□

9.2.2.3 Remark This forms a complex chain:

0 → Ω0(U) → Ω1(U) → · · · → 0
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9.2.2.4 Chain Rule Computation

Rn f−→ Rm g−→ R

Previously proved that d(g ◦ f)|p = dg|f(p) ◦ dfp, thus:

d(g ◦ f)|p(·) = dg|f(p)(df |p(·)) = ∇g(f(p))df |p(·)
= ∇g(f(p))Jf (p)(·)

=

(
∂g

∂y1
(f(p)) · · · ∂g

∂ym
(f(p))

)
∂f1
∂x1

(p) · · · ∂f1
∂xn

(p)
...

. . .
...

∂fm
∂x1

(p) · · · ∂fm
∂xn

(p)

 (·)

=
∑
ij

∂g

∂yi
(f(p))

∂fi
∂xj

(p)(·)

Moreover:

d(g ◦ f) =
∑
j

∂(g ◦ f)
∂xj

dxj ⇒
∂(g ◦ f)
∂xj

=
∑
i

∂g

∂yi
(f(·)) ∂fi

∂xj

9.3 Line Integrals

Fix ω =
∑
i aidxi ∈ Ω1

(m)(R
n), m ≥ 1.

9.3.1 Def

Let U ⊆ Rn be an open set, γ : [a, b] → Rn. ∃t0 = a < t1 < · · · < tk < tk+1 = b such that γ|[tj ,tj+1] =: γj is of class C1.
Then we define γ as a parametric curve and t ∈ [a, b] as parameters.

9.3.1.1 Example f : Rn → R of class C1, then γ : t 7→ (t, f(t)) is a parametric curve.
γ : t 7→ (cos t, sin t) is a parametric curve.
For γj :]tk, tk+1[→ Rn, we can define γ∗jω. This is a one form in Ω1([tk, tk+1]). If γj(t) = (x1(t), · · · , xn(t)) then

γ∗jω =
∑
i

ai(x1(t), · · · , xn(t))dxi =
∑
i

ai(x1(t), · · · , xn(t))
dxi
dt
dt

9.3.2 Line Integral

Let ω and γ be as above. Define: ∫
γ

ω :=
∑
j

∫ tj+1

tj

γ∗jω

Remark

Fix γ(t), γ′(t) =
(
dx1

dt (t), · · · ,
dxn

dt (t)
)
= {the tangent vector of γ in γ(t)}.∫ tj+1

tj

γ∗jω =

∫ tj+1

tj

⟨a ◦ γ, γ′j⟩dt

since a ◦ γ = (a1(x1(t), · · · , xn(t)), · · · , an(x1(t), · · · , xn(t))) and γ′j =
(
dx1

dt , · · · ,
dxn

dt

)
.

9.3.2.1 Example Let F : R3 → R3 be a field. γ is the path of a particle under the action of F .

Fix t, ∆γ = γ(t+ h)− γ(t), ∆t = h. ∆γ ∼ γ′(t)∆t and lim∆t→0
∆γ
∆t = γ′(t).

⟨F (γ(t)),∆γ⟩ ∼ ⟨F (γ(t)), γ′(t)⟩∆t
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